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Abstract 



We study the general structure of formal perturbative solutions to the Hamil- 
tonian perturbations of spatially one-dimensional systems of hyperbolic PDEs 
v t + [ < / > ( v )]^ = 0- Under certain genericity assumptions it is proved that any 
bihamiltonian perturbation can be eliminated in all orders of the perturbative 
expansion by a change of coordinates on the infinite jet space depending ratio- 
nally on the derivatives. The main tools is in constructing of the so-called quasi- 
Miura transformation of jet coordinates eliminating an arbitrary deformation of 
a semisimple bihamiltonian structure of hydrodynamic type (the quasitriviality 
theorem). We also describe, following 35 , the invariants of such bihamiltonian 
structures with respect to the group of Miura-type transformations depending 
polynomially on the derivatives. 
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1 Introduction 



Systems of evolutionary PDEs arising in many physical applications can be written in 
the form 

w t + Vj( w ) w i + perturbation = 0, i=l,...,n (1.1) 

where the perturbation may depend on higher derivatives. The dependent variables of 
the system 

w = (w (x, £),..., w n (x, £)) 

are functions of one spatial variable x and the time t, summation over repeated indices 
will be assumed. VJ(w) is a matrix of functions having real distinct eigenvalues. There- 
fore the system (jl.lj) can be considered as a perturbation of the hyperbolic system of 
first order quasilinear PDEs 

vi + V}(v)4 = 0, i = l,...,n (1.2) 

(it will be convenient to denote differently the dependent variables of the unperturbed 
system (11. 2|) and the perturbed one (jl.ljO . Recall (see, e.g., 0) that the system (jl.2j) is 
called hyperbolic if the eigenvalues of the matrix VJ(v) are all real and all n eigenvectors 
are linearly independent. In particular, strictly hyperbolic systems are those for which 
the eigenvalues are all real and pairwise distinct. An important particular class is the 
so-called systems of conservation laws 

vi + d x( f) l (v) = 0, i = l,...,n (1.3) 

where the dependent variables are chosen to be densities of conserved quantities; the 
functions (p l (v) are the corresponding densities of fluxes (see, e.g., regarding the 
physical applications of such systems). The relationships between solutions of the 
perturbed and unperturbed systems have been extensively studied for the case of dis- 
sipative perturbations of spatially one-dimensional systems of conservation laws (see, 
e.g., [H] and the references therein). Our strategic goal is the study of Hamiltonian 
perturbations of hyperbolic PDEs. Although many concrete examples of such pertur- 
bations have been studied (see, e.g., jlHl I2HI EE HU E3 UIH EH] ) > the general concepts 
and results are still missing. 

Let us first explain how to recognize Hamiltonian systems among all systems of 
conservation laws. Recall 15] that the system of conservation laws (jl.3|) is symmetrizable 
in the sense of Friedrichs and Lax, Godunov, if there exists a constant symmetric 
positive definite matrix rj = (rjij) such that the matrix 

Vi 



is symmetric, 

d(f> s d<p s 

^ = % w (L4) 

In case the symmetry (|1.4|) holds true but the symmetric matrix rj is only nondegen- 
erate but not necessarily positive definite one obtains weakly symmetrizable systems of 
conservation laws. 
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Lemma 1.1 The system of conservation laws M.3\) is Hamiltonian if it is weakly sym- 
metrizable. 



Proof Choosing the Poisson brackets in the constant form 

{v\x)^{y)} = rfS'ix - y), (rf j ) = (r^ 1 
and a local Hamiltonian 



H = J h(v(x))dx 
one obtains the Hamiltonian system in the form (jl.3|) with 

.dh{v) 



Both sides of (11.4)1 coincide then with the Hessian of the Hamiltonian density h(v). 
The Lemma is proved. □ 

Recall that weakly symmetrizable systems of conservation laws enjoy the following 
important property: they possess two additional conservation laws 

d t p(v ) + d x q(v) = 0, p=-r) ij v % v J , q = v l —-h(v) (1.5) 

2 ov l 

d t h(v) + d x f(v) = 0, f{ v ) = ^f^^ (1.6) 

where h(v) is the Hamiltonian density in the formulae above. For symmetrizable sys- 
tems the function p(v) is nonnegative. 

The class of Hamiltonian perturbations to be investigated will be written in the 
form 

wl+{w\x), H} = wl+v;(w)wi+J2 t k U l k (w; w x , . . . , w^) = 0, i = 1, . . . , n (1.7) 

k>l 

where e is the small parameter, Ul(w;w x , . . . ,-u/ fc+1 )) are graded homogeneous poly- 
nomials 1 in the jet variables w x = (wl, . . . , ty£), w xx = (w xx , . . . , w xx ), . . . , w^ 1 ^ = 
(w 1 ' k+1 ,...,w n ' k+1 ) 

degw l ' m = m, i = l,...,n,m>0. (1.8) 



X A different class of perturbations, for the particular case of the KdV equation, was considered by 
Y.Kodama 29 . In his theory the terms of the perturbative expansion are polynomials also in w (here 
n = 1). The degree on the algebra of differential polynomials is defined by degu^ = m + 2, m > 0. 
Also some nonlocal terms appear in the Kodama's perturbation theory. Further developments of this 
method can be found in 30 . 
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They arise, e.g., in the study of solutions slowly varying in the space-time directions 
[3Bj- The Hamiltonian are local functionals 

tf = /[fc [ >) + ^Wj + ...H*, (1.9) 

deg h [k] (w; w x , . . . , w (/c) ) = k. 

The Poisson brackets are assumed to be local in every order in e, i.e. they are repre- 
sented as follows 

m+l 

{w\x), w*(y)} = E e "^>; «>«.•••> ™ (m+1 -°M (0 (z - v) (1.10) 

m>0 «=0 

with polynomial in the derivatives coefficients 

deg Al^w; w x ,..., w {m+1 - l) ) =m-l + l (1.11) 

We also assume that the coefficients of these differential polynomials are C°° smooth 
functions on a n-dimensional ball w G B C M n . It is understood that the antisymmetry 
and the Jacobi identity for p. 10)1 hold true as identities for formal power series in e. 
It can be readily seen that, for an arbitrary local Hamiltonian of the form ()1.9)) the 
evolutionary systems (jl.7)) has the needed form. 

The leading term 

{w\x), w^y)} [0] := A$ A (w(x))6'(x -y) + A^ (w(x); w x {x))8{x - y) (1.12) 

is itself a Poisson bracket (the so-called Poisson bracket of hydrodynamic type, see j!3j). 
We will always assume that 

detA^H^O (1.13) 
for all w E B C R™. Redenote the coefficients of {w l (x), w^(y)}^ as follows 

9 ij (w) := ^H, Ql>K := 4oK «»-) (L14) 

(see (11.11)1 . The coefficient (g^(w)) can be considered as a symmetric nondegenerate 
bilinear form on the cotangent spaces. The inverse matrix defines a metric 

ds 2 = g ij {w)dw i dw j , (ft^H) := (^'(w)) -1 (1.15) 

(not necessarily positive definite). Recall that (J1.12)) - (Jl. 14)) defines a Poisson 
structure if and only if the metric is flat and Q^(w) = — Ym=i 9 %l { w )^ki( w ) where Y 3 kl 
are the Christoffel symbols of the Levi-Civita connection of the metric (|1.15j) . 

The class of the Hamiltonians 1)1.9)1 . Poisson brackets ()1.10)) and the evolutionary 
systems (J1.7j) is invariant with respect to Miura-type transformations 

ty'Mii^^ + ^e^to,,...,/'), i = l,...,n (1.16) 

k>l 



As usual, the coefficients &\(w; w x , . . . ,w^) are assumed to depend polynomially on 
the derivatives. Two Poisson brackets of the form (jl.K)j) are called equivalent if they 
are related by a Miura-type transformation. 

The group of Miura-type transformations is a natural extension of the group of local 
diffeomorphisms that plays an important role in the geometrical study of hyperbolic 
systems (see, e.g..|13]). 

An important result of [22] (see also |TU1 16J) says that any Poisson bracket of the 
form ()1.10|) can be locally reduced by Miura-type transformations to the constant form 

{w i (x),w j (y)} = r] ij 5'(x - y), rf j = const. (1.17) 
We will denote the inverse matrix by the same symbol with lower indices 

!'/„): ('/") '• (1-18) 

Connections of the theory of Hamiltonian systems (jl.7j) to the theory of systems of 
conservation laws is clear from the following statement. 

Lemma 1.2 By a change of dependent variables of the form A1.16]) the Hamiltonian 
system \1. 7| ) can be recast into the form of a system of conservation laws 

wl + d x i> l (w;w x ,...;e) = 0, i = l,...,n (1.19) 
ij\w; w x ,...;e) = ^e k i)l(w]W x , . . . ,w {k) ), 

k>0 

deg tpl(w] w XJ . .. ,w (k) ) = k. 

The system of conservation laws \1.19ji is Hamiltonian with respect to the Poisson 
bracket iff the right hand sides 

fa:=rjijilP(w;w x ,...;e) (1.20) 

satisfy 




(1.21) 



for any i, j = 1, . . . ,n, s = 0, 1, . . . . 

In this paper we will investigate the structure of formal perturbative expansions of 
the solutions to (jl.7|) 

w\x, t; e) = v\x, t) + e Srffa t) + e 2 5 2 v i (x, t) + . . . (1.22) 

The leading term solves ([1.2)1 : the coefficients of the expansion 5kV l (x,t) are to be 
determined from linear PDEs with coefficients depending on v l , 5iV l , . . . , Sk-iv 1 and 
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their derivatives. Instead of developing this classical technique we propose a differ- 
ent approach that conceptually goes back to the Poincare's treatment of perturbative 
expansions in the celestial mechanics. We will look for a transformation of the form 

= + ^ e*$* fc (u;«x,...,u (mfc) ), ^ = l,...,n (1.23) 

k>l 

that maps any generic 2 solution v l (x, t) of the unperturbed system (jl.2|) to a solution 
w l (x, t; e) of the perturbed system. An important feature of such an approach to the 
perturbation theory is locality: changing the functions v(x,t) for a given t only within 
a small neighborhood of the given point x = Xq will keep unchanged the values of 
w(x, t; e) outside this neighborhood. We call (|1.23|) the reducing transformation for the 
perturbed system (|1.7|) . 

Clearly, applying to (jl.2|) any transformation (jl.23|) polynomial in the derivatives 
(in every order in e; in that case mk = k) one obtains a perturbed system of the form 
([1.7)1 . This is the case of trivial perturbations. 

It is clear that solutions of trivial Hamiltonian perturbations share many prop- 
erties of the solutions to the unperturbed hyperbolic PDEs (|1.2jl . In particular, the 
trivial perturbation cannot balance the nonlinear effects in the hyperbolic system that 
typically cause gradient catastrophe of the solution. 

Definition 1.3 The system of PDEs \1. 7| ) is called quasitrivial if it is not trivial but 
there exists a reducing transformation with functions $\(v; v x , . . . , v^ mk ') depend- 

ing rationally on the jet coordinates 

w 1 ' 1 , i = 1, . . . , n, 1 < I < rrik 

deg%(v;v x ,...,v imk) ) =k, k > 1. (1.24) 

The first example of such a reducing transformation was found in j3] (see also [To] ) 
for the KdV equation 

e 2 

W t + WW x + —U!xxx=0 (1.25) 

(here n = 1): 

w = v+ e ld 2 x logu, + e 4 d 2 ( - 7VxxVxxx + jkS) + 0(e 6 ). (1.26) 
24 x B x V 11 52w 2 1920t;3 360^/ V ; V ; 

It is not an easy task to check cancellation of all the denominators even in this example! 
Because of the denominators the reducing deformation is defined only on the monotone 
solutions. 

One of the main outputs of our paper is in proving quasitriviality of a large class 
of Hamiltonian perturbations of hyperbolic systems of conservation laws. 

2 We will later be more specific in describing the range of applicability of the transformations l jl.23|l . 
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The systems in question are bihamiltonian systems of PDEs. That means that they 
can be represented in the Hamiltonian form in two different ways 

wi = {H 1 ,w i {x)} 1 = {H 2 ,w i (x)} 2 , i = l,...,n (1.27) 

with two local Hamiltonians (see (jl.9j) above) and local compatible Poisson brackets 
{ j }i> { j }2 of the form (jl.lOj) . Compatibility means that any linear combination 

«i{ , }i + a 2 { , } 2 

with arbitrary constant coefficients a\, a 2 must be again a Poisson bracket. 

The study of bihamiltonian structures was initiated by F. Magri jHEj in his analysis 
of the so-called Lenard scheme of constructing the KdV integrals. I. Dorfman and I. 
Gelfand |24 and also A. Fokas and B. Fuchssteiner [22] discovered the connections be- 
tween the bihamiltonian scheme and the theory of hereditary symmetries of integrable 
equations. However, it is not easy to apply these beautiful and simple ideas to the 
study of general bihamiltonian PDEs (see the discussion of the problems occured in 

uni). 

In this paper we will use a different approach to the study of bihamiltonian PDEs 
proposed in (THj . It is based on the careful study of the transformation properties of 
the bihamiltonian structures under the transformations of the form f)1.23j) . Let us now 
proceed to the precise definitions and formulations of the results. 

We will study bihamiltonian structures defined by compatible pairs of local Poisson 
brackets written in the form of e-expansion 

{w\x),w3(y)} a = {w\x),w>(y)}M 

m+l 

+ E E em <*;>; w {m+1 - l) )S [ Hx - V), a = 1, 2, (1.28) 

m>l (=0 

with polynomial in the derivatives coefficients 

deg Xij ja-. it;,, ... , w^ +1 ^) =m-l + l. (1.29) 

The coefficients of these differential polynomials are C°° smooth functions on a n- 
dimensional ball w G B C M n . Equivalence of bihamiltonian structures is defined with 
respect to Miura-type transformations. 

The leading terms of the bihamiltonian structure is itself a bihamiltonian structure 
of the form 

n 

M«)y(»)}P = &Wx))&{x - y ) + EO«^))* - y)i ( L3 °) 

fc=l 

det(g^) ^ for generic points w G M, i, j = 1, . . . , n, a = 1, 2 

(the bihamiltonian structure of the hydrodynamic type). We additionally assume that 
det(aigi l (w) + a 2 g2 l (w)) does not vanish identically for w G M unless a± = a 2 = 0. 
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Definition 1.4 The bihamiltonian structure 111. 2^) is called semisimple if the char- 
acteristic polynomial detf^tV) — ^9x( w )) ^ n ^ has n pairwise distinct reaft roots 
Ai(u>), . . . , X n (w) for any w G B. 

The role of semisimplicity assumption can be illustrated by the following 

Lemma 1.5 Given a semisimple bihamiltonian structure { , }f\ satisfying the above 
conditions, denote 

X = u 1 {w),...,\ = u n {w) 
the roots of the characteristic equation 

det(^'H-A^H) =0. (1.31) 

The functions u l (w), . . . , u n (w) satisfy 

Using these functions as new local coordinates 

U ) i = gV ) ... l tt») ) f = l,...,n, detf^^j^O (1.32) 
reduces both the two flat metrics to the diagonal form 

d^dvJ^H = *«/*(«), ^*^H = = WW- (i.33) 

The coefficients Q % l k in the coordinates (it 1 , . . . ,u n ) read 

n 1 n 1 

E = 2 W + E = 2 <W + ( L34 ) 

fc=i fc=i 

1 / f 1 ■ P ' ■ \ 1 //;' /'' • v?P ■ \ 

where fl = . The leading term of any bihamiltonian system becomes diagonal in the 
coordinates it 1 , . . . , it n ; 

u\ + y*(u)u* + 0(e) = 0, i = l,...,n. (1.36) 

Such coordinates are called the canonical coordinates of the semisimple bihamilto- 
nian structure. They are defined up to a permutation. The functions f\{u), . . . , f n {u) 
satisfy a complicated system of nonlinear differential equations. The general solution 

3 One can relax the requirement of reality of the roots working with complex manifolds. In that 
case the coefficients must be analytic in w. 
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to this system depends on n 2 arbitrary functions of one variable. Integrability of this 
system has recently been proved in ^Hj- For convenience of the reader we give a 
brief account of these results, following ^7], in the Appendix below. 

The following statement gives a simple criterion of a Hamiltonian system of con- 
servation laws to be bihamiltonian. 



Lemma 1.6 Let us consider a strictly hyperbolic system hl.2\) Hamiltonian with re- 
spect to the Poisson bracket { , }f. This system is bihamiltonian with respect to the 
semisimple Poisson pencil { , }f 2 iff it becomes diagonal in the canonical coordinates 
for the Poisson pencil: 

__V^) = V'(u)S). (1.37) 

Observe that the canonical coordinates are Riemann invariants (see, e.g., |46] ) 
for the leading term of the system of PDEs (jl.36|) . The coefficients V l (u) in the 
gas dynamics are called characteristic velocities |46j . In particular the semisimplicity 
assumption implies hyperbolicity of the leading term of the Hamiltonian systems. 

Definition 1.7 ( [16j ) The bihamiltonian structure hi. 28) is said to be trivial if it can 

be obtained from the leading term 

(y)}|? = 9 l a J (v(x))5'(x -y) + Q% k (v(x))8(x -y), a = 1, 2 (1.38) 
by a Miura-type transformation 

w l = v l + Y,^F l k ^v x ,...y k ^), (1.39) 

k>l 

degFi(v;v x ,...,vW) = k, i = l,...,n 

where the coefficients Fj,(v ; v x , . . . , v are graded homogeneous polynomials in the 
derivatives. It is called quasitrivial if it is not trivial and there exists a transformation 



+ ^e fc F^;^,...y m *)) (1.40) 

k>l 

reducing il.2t$) to hi. 38^ but the functions F^ depend rationally on the jet coordinates 
v l ' m 1 m > 1 with 

degF k = k, k>l (1.41) 

and rrik are some positive integers. If such a transformation 111.39)) or \1.4-Uj) exists, it 
is called a reducing transformation of the bihamiltonian structure hi. 28(1 . 

A transformation of the form (jl.4(J|) is called a quasi-Miura transformation. 
We are now in a position to formulate the main result of the present paper. 
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Quasitriviality Theorem For any semisimple bihamiltonian structure M.2^l there 
exists a reducing transformation of the form \1.40j ). The coefficients Fj: have the form 



Fl(v;v x ,..., 



,("»*)) G C °°(B) [v x , . . . , v (mk) ] Uulul . . . O X l (1.42) 



m k < 



3k 



Here u % = u l (v) are the canonical coordinates 

Using this theorem we achieve the goal of constructing the reducing transformation 
for a bihamiltonian system ()1.27j) . ()1.9j) : 



Corollary 1.8 The reducing transformation for the bihamiltonian structure is 
also a reducing transformation for any bihamiltonian system \1.21 ). 



Another corollary says that the solution of any system of bihamiltonian PDEs of 
the above form can be reduced to solving linear PDEs. Let us first rewrite the reducing 
transformation in the canonical coordinates 



u l = u' 



u 



n. 



1.43) 



fc>i 



Let W l (u; e), i — 1, . . . , n be an arbitrary solution to the linear system 



;i.44) 



in the class of formal power series in e. In this system the functions V l (u) are eigenvalues 
of the matrix VJ(w), cf. (|1.36|) . Let us assume that the system of equations 



x = V i (u)t + W i (u;e = 0), i = l,...,n 
has a solution (x,t,u) = (x ,t ,u ) such that 



det (tdV\u)/du j + dW\u] e)/du j ) t=to u __ 



-uq, e=0 



7^0. 



1.45) 



1.46) 



For (x, t) sufficiently closed to (xo, to) denote u(x, t) = (u x {x, t), . . . , u n (x, t)) the unique 
solution to the equations (jl.45|) such that 

U{x ,t ) = Uq. 

Applying the transformation (jl.43|) to the vector-function u(x,t) we obtain a vector- 
function u(x,t; e). Finally the substitution 



q l (u(x, t; e)) =: w i (x, t;e), i = 1, . . . 



1.47) 



yields n functions w 1 (x, t; e), . . . , w n (x, t; e). Here the functions q l {u) are defined as in 

(H32D. 
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Corollary 1.9 The functions satisfies \1.2T\) . Conversely, any monotone at 

x = xq, t = to solution to \1-2T\) can be obtained by this procedure. 



By definition, the solution w(x,t; e) is called monotone if all the ^-derivatives 

d x u l {w{x, t;e)),..., d x u n (w(x, t; e)) 

do not vanish for x = Xo, t = t Q , e = 0. 

Finally, we can combine the Quasitriviality Theorem with the main result of the 
recent paper |35j in order to describe the complete set of invariants of bihamiltonian 
structures of the above form with the given leading term {w t (x), w^y)}^- 

Introduce the following combinations of the coefficients of eS"(x—y) and e 2 d~"'(x—y) 
of the bihamiltonian structure 

P "' (M) = ^I5< 2 - H ' g "' (M) = ^^ 3 - H ' ^ = l>-..,n,a = l,2. 

(1.48) 

Define the functions 

i / I pki „ i pki\2 \ 

3(/ j (m)) 2 \ ~ f k {u){u k - it ) J 



Ci(U 



The functions c l (u) are called central invariants of the bihamiltonian structure (|1.28|) . 
The main result of on the classification of infinitesimal deformations of bihamilto- 
nian structures of hydrodynamic type can be reformulated as follows 

Corollary 1.10 i) Each function Ci(u) defined in frl^yj ) depends only on u\ ii) Two 
semisimple bihamiltonian structures \1.2§) with the same leading terms { , }a\ a = 1, 2 
are equivalent iff they have the same set of central invariants Ci(u l ),i — 1, . . . ,n. In 
particular, a polynomial in the derivatives reducing transformation exists iff all the 
central invariants vanish: 

c% — C-2 — ■ ■ • — Cn — 0. 

The papers is organized as follows. In Section |2] we recall some basic notions of 
the theory of Poisson structures for PDEs and prove Lemma II. 2[ 11.51 and Lemma 
11.61 In Section El and Section 0] we give the proofs of the Quasitriviality Theorem 
and the Corollaries 11.81 11.91 In Section [S] we reformulate the main result of jSS] on 
the classification of infinitesimal deformations of a semisimple bihamiltonian structure 
of hydrodynamic type and prove Corollary 11.101 In the final section we give some 
examples of bihamiltonian structures of the class studied in this paper and formulate 
some open problems. In the Appendix we briefly present, following ^7j, the theory of 
semisimple bihamiltonian structures of hydrodynamic type. 
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Science Foundation Programme "Methods of Integrable Systems, Geometry, Applied 



11 



Mathematics" (MISGAM). The researches of Y.Z. were partially supported by the 
Chinese National Science Fund for Distinguished Young Scholars grant No. 10025101 
and the Special Funds of Chinese Major Basic Research Project "Nonlinear Sciences". 
Y.Z. and S.L. thank Abdus Salam International Centre for Theoretical Physics and 
SISSA where part of their work was done for the hospitality. 



2 Some basic notions about Poisson structures for 
PDEs 

Like in finite dimensional Poisson geometry, an infinite dimensional Poisson structure 
of the form ()1.30|) or (jl.28|) can be represented by a local bivector on the formal loop 
space of the manifold M. Recall that in our considerations the manifold M will always 
be a n-dimensional ball. In general, let w 1 , . . . ,w n be a local coordinate system of a 
chart of the manifold M. A local translation invariant k- vector is a formal infinite 
sum of the form 

a = y ^d s x ] . . . <);>; - . 3 . . A ■ ■ ■ A - . 9 . (2.x) 

^ k\ 1 k dw ll > si (xi) dw l k> s k(x k ) 

Here the coefficients A's have the expressions 

A h.-h = J2 S^KarOj^O^.O^H^i-^)...^*^^-^)- ( 2 - 2 ) 

P2,-:Pfc>0 

with only a finite number of nonzero terms in the summation, and B l ^ 2 " l £ k {w\ w x , . . . ) 
is a smooth function on a domain in the jet space J N (M) for certain integer N that 
depends on the indices ii, . . . , i k and P2, ■ ■ ■ ,Pk- The delta-function and its derivatives 
are defined formally by 

f(w(y);w y (y),Wyy(y), . . .) 5 {k \x - y) dy = d*f(w(x);w x (x),w xx (x), ...). (2.3) 



In this formula the operator of total derivative d x is defined by 

df 

dw hS 



dj(w; w x , w xx , . . . ) = X) whS+1 4{-s- ( 2 - 4 ) 



Note the useful identity 

f(w(y); w y (y), w m (y), . . .) 5 {k) (x - y) 

= E (m) WM*); M*), w„(x), . . . ) 5^ k ~ m \x - y). (2.5) 

m=0 ^ ' 

The distributions 

A h...i k = A h-i k ( Xu . . . ) Xk . w ( Xl ^ . . . ) w ( Xk ^ . . . ) (2.6) 
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are antisymmetric with respect to the simultaneous permutations i p , x p «-> i q , x q . They 
are called the components of the local k- vector a. Note that in the definition of local k- 
vectors given in ^U] it is required that the functions B^" 1 * are differential polynomials. 
Here we drop this requirement for the convenience of our use of these notations during 
our proof of the theorem. The space of all such local /c-vectors is still denoted by A k oc 
as it is done in jTH] . For k = by definition A° oc is the space of local functional of the 
form 

1=1 f(w J w Xj ...,w {m) )dx (2.7) 



The Schouten-Nijenhuis bracket is defined on the space of local multi- vectors 

[,]: Af oc x A[ oc - Af+<-\ k,l>0. (2.8) 

It generalizes the usual commutator of two local vector fields and possesses the following 
properties 

[a,{3] = (-l) kl [(3,a], (2.9) 
(-l) fc ">,/3], 7 ] + (-l) u [\J3,i\,a] + (-l)' m [[ 7 ,a],/3] = (2.10) 

for any a G Af oc , (3 G A l loc , 7 G A^ c . For the definition of the Schouten-Nijenhuis 
bracket see ^H] and references therein. Here we write down the formulae, used below, 
for the bracket of a local bivector with a local functional and with a local vector field. 
Let a local vector field £ and a local bivector w have the representation 

t = E E fi^M*); w.(x), . . . , ^)g—- y (2.11) 

i=l s>0 ^ ' 

w = -Y d s x dl™ ij a ■ , N A - -7 r - (2.12) 

Here we assume that 

^ - ^A i l{w{x),w x {x),...,w {mk \x))5 {k \x-y). (2.13) 



k>0 



Then the components of [za, I] and of are given respectively by 

. 51 

8wi{x 



1u V ; <9«A*(a;) dw k *{x) 



o>£-' («•(;/):..., 



dlw lk . (2.15) 



dw k ' t (y) y 
In the last formula it is understood that 

d > 13 = J2(-V tAi k( w ( x ), w *(x), w^\x)) 5^ k+t \x - y). 



k>0 
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and the identity (|2.5J) has been used in order to represent the resulting bivector in the 
normalized form (j2.1Hj) . 

Let us denote by w\ , m-i the two bivectors that correspond to the bihamiltonian 
structure (|1.H0|) . the components ro^a = 1,2 are given by the right hand side of 
()1.30p . The bihamiltonian property is equivalent to the following identity that is valid 
for an arbitrary parameter A: 

[w2 — A Wi, VJ2 — A rz>i] = 0. (2-16) 

Denote by d\, 82 the differentials associated with vj\,vj2- By definition 

8 a : Af oc - A£\ d a a = [w a , a], Va e Af oc , a = 1, 2. (2.17) 

The bihamiltonian property (|2.16|) can be recast in the form 

3\ = d\ = OA + d 2 d 1 = 0. (2.18) 

The important fact that we need to use below is vanishing of the first and second 
Poisson cohomologies 

H k {C{M),w a ) = Kerd a \ Ak /1md a \ A k-i, a =1,2, k = 1,2. (2.19) 

loc loc 

This fact is proved in [23 EE]- It readily implies, along with the results of JH] 
the reducibility of any Poisson bracket of the form (jl.lOj) - ()1.13|) to the constant form 
(ET7D. 

Let us now give 

Proof of Lemma ll . 6 A For the Poisson bracket written in the form (J1.17)) the Hamiltonian 

system reads 

This gives a system of conservation laws form with 

5H 



ijj 1 = 77 



'.1. 



8w 3 (x) 



The equations (jl.21)l is nothing but the spelling of the classical Volterra criterion 
for functions ipi to be representable in the form of variational derivatives. □ 



We pass now to the theory of canonical coordinates. 

Proof of Lemma From the result of fTJ HU] it follows the existence of a system 
of local coordinates u 1 ,...,u n such that both of the metrics become diagonal and 
9i = 3ijh l (it), g % 2 = o~ij^i(u l )h l (u). Since by our assumption det{aigf{w) + a25^(w)) 
does not vanish identically for w G M unless a\ = 02 = 0, we can choose u 1 = 
Ai^ 1 ), . . . , u n = X n (u n ) as a system of local coordinates which are just the canonical 
coordinates. □ 
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We now proceed to 
Proof of Lemma In the canonical coordinates a bihamiltonian system 



ri = {H u u\x)}f = {H*u\x)}f, 
H a = J h [ ^(u)dx, a = 1, 2 



has the expression 

n 

«» = -]C *?(«)*4. i = l,---,n (2-20) 

i=i 

where 

= f = «*/*(«) Ai^Cu), for z ^ J. (2.21) 

Here the linear differential operators Aij are defined by 

g l gOgg/^Q) g l gQog/^Q) g 
lJ dvtdv? 2 di*? du* 2 du { dvi ' 1 ' ' 

Symmetry with respect to to the indices i,j implies 

(«* - u j ) Aijhf (u) = 0, i ^ j. (2.23) 

Thus VJ(u) = when i ^ j. This proves the first part of the lemma. 

To prove the converse statement we use the following result of jUj: the diagonal 

system 

ul + V l (u)ui = 0, i = l,...,n 

is Hamiltonian with respect to to the Poisson bracket associated with the diagonal 
metric of zero curvature 



ds 2 = guiuXd^f 



»=i 



iff the following equations holds true 



d k V\u) = (V\u) - V\u)) d k \og v 7 ^), i ± k. (2.24) 
By assumption these equations hold true for the first metric 

gu(u) = l//i(w). 

For the pencil { , }^ — A { , }^ one has to replace 

9u{u) 



(it* — X)f i {u) ' 

Such a replacement does not change the equations (|2.24|) . The Lemma is proved. □ 
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3 Proof of the Quasitriviality Theorem 



In this and the forthcoming sections we assume that the bihamiltonian structure 
{vji, w 2 ) defined by (jl.30j) is semisimple and we work in canonical coordinates u 1 ,. . . , 
u n . We first formulate and prove some intermediate results crucial for the proof of the 
Quasitriviality Theorem. 

Theorem 3.1 Assume that a vector fields X has components of the form 

X* = <4, z = l,...,n (3.1) 

and satisfies 

d 1 d 2 X = 0. (3.2) 
Then there exist two local functional I, J of the form 



G(u(x))dx, J = j G(u(x))dx (3.3) 
such that X has the representation X = d\I — d 2 J ■ 

Proof In this proof summations over repeated Greek indices are assumed. Let us 
redenote the components of the two bivectors that correspond to the bihamiltonian 
structure (jl.3()j) in the form 

w? = g»8 , (x-y)+T»v*6{z-y), 

The Levi-Civita connections of these two metrics g l3 ,g^ are denoted by V and V 
respectively. Denote V», V« the covariant derivatives of these two connections along 
^ . We also introduce the notations V* = g ia V a , V* = g ia V a - 

The condition (|3.2|) implies existence of a vector field Y with components of the 
form 

^' = EW> t = l,...,n (3.4) 
such that diX = d 2 Y. Denote by 

tfj = J2 Z^{u{x),u x {x), ...) 6^(x - y) := (d 1 X - d 2 Y) ij (3.5) 

p>0 

the components of the bivector d\X — d 2 Y, and by Z l J, k , the derivatives ^ k p m . Then 
we have 

Z l 2 j = (X ij - X ji ) - (Y ij - Y ri ) = 0, (3.6) 

- (v k Y i > - + f L i Ym - Yia )) = ( 3 - 7 ) 
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where X 13 = g' ia X 3 al Y tJ = g^Y 3 ,. From the above two equations we obtain 

ykyij _ yiykj = ~ka (y ^ij _ yi^J + ^(X^ - X^)) . (3.8) 

Here the components of the (1, 2)-tensor T are defined by T 3 af3 = T 3 a/3 — T 3 a/3 . Since the 
l.h.s of the above equation is antisymmetric with respect to k, i, we have 

~ka (y aX ij _ + T 3 ap {X iP - X*)) + 

g ia (V a X kj - V k X 3 a + T^(X k ? - X pk )) = 0. (3.9) 
The following trivial identity 

^ykyij _ \/ i Y h3 ^j + fcj i Y jk — V 3 Y ik \ + (^7 3 Y ki — \7 k Y 3i ^j 
= yfc (yij — Y 3i ) + V* (Y jk — Y kj ) + V 3 (Y ki — Y ik ) 

implies that 

V fc (X ij - X 3i ) + V* (X jk - X kj ) + V 3 (X kl - x ik ) 
= ~g ka (V a X i3 - V l X 3 a + T 3 afi {X lfi - X*)) + 
~ ia (y aX rt - W' J X k + T k p (X 3 'P - X*')) + 

g ja (V a X ki - W k Xl + T^(X k ? -X 0k )). (3.10) 
By using the formula 

V k A i3 = V h A ij + T ka A a3 + T 3 ka A ia 

we can simplify the equations (j3.10|) to the form 

g ka (V a X ji - V'X 3 a + T^{X jfS - X 133 )) + 
~ ia (y a x k3 - W 3 X k + T 3 ap (X kli - X^)) + 

g ja (V a X ik - V k X l a + T k p (X i/3 - X pi )) = 0. (3.11) 

Let us employ the equations (|3.9|) and (|3.11|) to prove the existence two local func- 
tional /, J of the form ()3.3|) such that X = d±I — 82 J- Equivalently, we need to find 
functions G, G that satisfy the conditions 

X] = g, a V l V a G - g ]a V l V a G (3.12) 

To this end, we first define two symmetric (2, 0)-tensors A, A such that 

X) = g, a A ai -g ja A ai (3.13) 

In the canonical coordinates the off-diagonal components of A, A are uniquely deter- 
mined by the above relations and have the explicit forms 

V ' - a 3 X { - ~ ti J (i'.\ J - u i a 3 X i 

u l -v? u l -v? v ' 
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Here we use the fact that in the canonical coordinates the two metrics have components 
of the form = S^f 1 , g l i = 5ijg l = 5ijU l f l . For an arbitrary choice of the diagonal 
components A n the above relation uniquely determines the diagonal components A n 
by 

A H = u l (fXl - A u ) . (3.15) 

We will specify the choice of A u ,i = 1, . . . ,n in a moment. Let us now express the 
equations ()3.9j) and ()3.11|) in terms of the components of the tensors A, A. By sub- 
stituting the the expression (|3.13|) of X 1 - into (|3.9|) and (|3.11|) and by using the fact 
that g a p, gafijT^p are all diagonal with respect to a, (3 in the canonical coordinates, we 
arrive at 

(u k - ij) (V k A i3 - V { A kj ) + C^~^j (v fc i ij ' - V ! i fcj ) = 0, (3.16) 
u k < v k A ij _ v i A kj\ _ ( Ly*A ij - -VM fej ] 

+u* (VM J ' fc - V j A ik ) - ( 4vM jfc - — V J A ik ] 

V ' \U k XI? J 

+u j {V j A ki - V k A jl ) - (JjjV j A M - ^V k A ji ^j = 0. (3.17) 
Rewrite ()3.17|) into the form 

+terms obtained by cyclic permutations of (i, j, k) = 0. (3.18) 

By using (|3.16|) . we can replace u k by u l in the first two terms of ()3.18|) . Then after 
the cancellation of some terms we arrive at the simplification of ()3.17j) 

(u* - u j ) (V j A ki - V k A ij ) + (J- { - -J-J (v j A kt - V k A 1 ^ = 0. (3.19) 

Changing the indices k) \— > (j, k,i) we obtain 

(u j - u k ) {V k A 11 - V l A k3 ) + (y k A ij - V'i fci ) = 0. (3.20) 

From the equations (|3.16|) . (|3.2(J|) it readily follows that 

v k A ij = v i A kj^ yk A ij = ^i A kj for i _^ ^ k _ L ■ ^ 2l ^ 

Now let us proceed to choosing the diagonal components A n in such a way to ensure 
that the components of the tensor \7 k A l i are totaslly symmetric in i, j, k. This amounts 
to require that A n should satisfy 

v k A u = v i A ki^ i 7 k = l,...,n, k^i. (3.22) 
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The existence of solutions A n is guaranteed by the compatibility of the above systems 
due to the equalities 

yj ( V M fei ) = V fe (VM ji ) , for distinct k. (3.23) 

Fix a solution A n , i = 1, . . . , n of the system ()3.22j) . From the validity of the equations 
(|3.1fjj) and ()3.21)1 we know that the tensor A with components A 13 determined by (j3.14j) 
and ()3.15|) also have the property of symmetry of V k A lJ in i, j, k. Thus we can find 
functions G(u),G(u) such that 



A 13 = V l V 3 G, A 13 = V l V 3 G. 

The lemma is proved. □ 

The above theorem implies that the linear in e terms of the bihamiltonian structure 
(jl.28|) can be eliminated by a Miura-type transformation. 

Denote by A the space of functions that can be represented as a finite sum of 
rational functions of the form 

'? . (nr. . . .) 

m > (3.24) 



P j 1 ,...jJ u > u *>- 



Ux ■ ■ ■ Ua 



(no denominator for m = 0). Here - m are quasihomogeneous differential polyno- 
mials. Define a gradation on the ring A by 

deg u^ m = m, i = 1, . . . , n, m > 0. (3.25) 

We call elements of A almost differential polynomials. Below we will also encounter 
functions that belong to the ring 

A=A\\ogul,...,logu2]. 

It is also a graded ring with the definition of degree (jl.8|) and 

deg(log<) = 0, z = l,...,n. (3.26) 

Theorem 3.2 Let X e K} oc be a local vector field with components 

X\u, u x ,..., u {N) ), i = l,...,n, N > 1, (3.27) 

where X 1 are homogeneous almost differential polynomials of degree d > 3. If X 
satisfies the condition 

<9i<9 2 X = (3.28) 

then there exist local functionals 

f(u,u x ,...,u i[ ^ ]) )dx, J= g(u,u x ,...,u ([ % ]) )dx, (3.29) 



with densities that are homogeneous almost differential polynomials of degree d — 1 such 
that X = dJ- d 2 J. 
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We will prove the Quasitriviality Theorem by induction on the highest order of the 
x-derivatives of u on which the components X 1 of the vector field X depend. The 
following lemmas spell out some important properties of the vector field X that are 
implied by the condition ([3.28)1 . 

In what follows, for a function A — A(u, u x , . . . ) we will use the subscript (k, m) to 
indicate the derivative of A with respect to u k ' m , i.e., A^ im ^ = Q ®£ m ■ 

Lemma 3.3 For any two vector fields X, Y with components of the form 

X i = X i {u,u x ,...,u iN) ), Y l = Y i {u,u x ,...,u {N) ), N>1, (3.30) 

vanishing of Z^ k 2iV +i) and Z^, k2N y where Z 13 are defined as in \3. 5)) . implies that the 
components of the vector fields X, Y must take the form 

X* = jr {u j G)(u, . . . , u^) + Fj(u, • • • , u^)) ui> N + Q\u, . . . , n^- 1 )), 

3=1 
n 

Y' = J2 G){u, u (N - iy ) u j ' N + R i (u,..., u^). (3.31) 

3=1 

Moreover, when N > 2 the functions Fj,G l j must satisfy the following equations: 

Hw-i) ~ Kw-D + ^ ~ uk ) G U,N-i) = 0- (3-32) 
Proof By definition, we have 

7*i _ (_-l\N+l ( fi Y3 — r^V 3 

^0,(^,2^+1) ~ \ 1 J y ^(i,N)(k,N) y I (i,N)(k,N) 

So vanishing of Z^, k 2JV+1 % implies that the functions X\ Y % can be represented as 

n 

X* = 5>*G}(Ti, • • • , « (7V - 1} ; u j ' N ) + F)(u, . . . , u^)u j ' N ) +Q i (u,..., vF-*>), 

3=1 
n 

3=1 

When N > 2 the equations (|3.31|) of X 1 , Y % follow from vanishing of 



Z 0,(i,2N) - (-i)^ 1 y N + g J f %U% x G i(i,N){i,Ny 

In the case of N — 1, the formulae (|3.31j) follow from vanishing of Z l Q J ^ 2N , and of Z. 
Finally, for iV > 2 the equation ()3.32|) is derived from vanishing of 



7*7 _ f_t\N+l fi 



The lemma is proved. □ 
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Lemma 3.4 (a) Assume that the vector fields X,Y have components of the form ( f.9. 
and N > 2. Then for any m = 1, 2, . . . , [y] the following identity holds true: 

E(- 1 ) m "' ( N m Z ^N+i-m-D = (-v N+1 r Hw-mv ^ 

Here and below we denote Z % i as in \3. 5)) of Lemma \3.1\ 

(b) Assume that the vector field X, Y have components of the following form 



X* = {u ] G)(u, . . . , m^-" 1 " 1 ); u J ' N - m ) + Fj(u, u^-" 1 -^)) u 



yu> ^jy^, ■ ■ ■ , u, , vu j , j. j yvu, . . . , vu 



Y i = • • • ' « (7V ~ m_1) ; u^ N ~ m ) u j ' N + R\u, u iN - 1] ) (3.34) 

3=1 

with N > 3 and 1 < m < [— jf^l ■ TTien we /lave 

( _ 7 ) Z U(k,2N-m-l) 
= ( — 1) N+1 P (^l(k,N-m-l) ~ ^fc,(i,JV-m-l)) + /'(^ _ uk )^i,{i,N-m-l) 



(3.35) 



#ere are defined by M.Sb}) . 



Proof By using the formula (|2.15|) the components Z 1 ^ of the bivector d\X — d%Y have 
the explicit expressions 

fc=i 

fc=i / 

Here 5 = 5(x —y). It is easy to see that when m < [y], the first two terms in the 
formula (j2.15J) don't appear in the identity ()3.33|) . So we denote them by periods in 
the above formula and will omit them in the calculations below. Then Z l J reads 

+ E A * (*) - ? <( + p l ) d s x +1 ~ p Y{. s) 



dx9% i S \ d s ~ p Y j - V B ik ( S \ d s ~ p Y 

\p) x h W x ( 



2 W x 

v/v fe=i 
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(*,») 



Denote by l.h.s. the left hand side of the identity (|3.33|) . We obtain 
l.h.s. = 



i,s)(k,2N—m-s+t) 



t>0 



2 \ v JZ-^\ l I x ! (i,s)(k,2N+l-m-s+t) 



X>t)E(V>^ 

1=1 v ^ 7 t>0 v 7 



£ I ^x^"-(i lS )(fc,2Af+l-m-s+t) 



~0* 



a: (i,s)(fe,2Af-m-s+t) 



2 \ v j/-^\ + I x (i,s)(k,2N+l-m-s+t) 
^ 7 t>0 ^ 7 



E^C E s 7Hn 



1=1 v/v t>o 



£ / * (I,a)(fc,2JV+l-m-s+t) I ' 



Here we used the commutation relations 



Q u i,q x \ t J XQ u i,q-m+t 

t>0 

By using the identity 

'N — p\ ( s\ ( s — p\ f s\ f N — s + t 



E(M N ~ P )( 3 ) 

t^n \m-pj \pj 



t / \t \ m 



and by changing the order of summation, we can rewrite l.h.s. as follows 
l.h.s. = 



E( _ ir+ , +1 ((^jC-'+'-'W 

s,t>0 ^ ^ 7 ^ " 7 



(i, s )(k,2N-m-s+t) 



m 



2 2 (i,s)(fc,2jV+l-m-s+t) 



s\ /JV - s + t N " 



+ r„ E^j 



m 

i=i 



~(l,s)(k,2N+l-m-s+t) 



s + l\{N-s + t-l, iat 



s\ (N -s + t\ d x g £i , 



FfY 3 

t)\ m ) 2 ■ (i,s)(fc,2JV+l-m-s+t) 



(J) (" m ' + ') E B%Y^ m+1 _ m _, +i A (3.36) 
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Now we substitute the expression (j3.31|) of X, Y into the right hand side of the above 
formula. By using the properties of binomial coefficients, it is easy to see that all terms 
in the above summation vanish but the terms with s = N, t = 0, so the above formula 
can be simplified to 

/ U „ — (_i\m+N+l ((^\mfivj _ ( _-\\m iyj 



(-l) N + 1 fip^ 



-(i,N)(k,N-m) V L J y 1 (i,N)(k,N-m) 

i,(k,N-m) 

So part (a) of the lemma is proved. 

Similarly to the derivation of ()3.36j) . we can prove the following formula 



7 ij 

I J ^l,(k,2N-rn-l) 



ifjt yj 

(i,s)(k,2N-l~m-s+t) 



m 



2 Z (i,s)(fc,2AT— m-s+t) 

s){k,2N-m-s+t) 



1=1 

s + 1\ (N - s + t - 1 



, jd 1 Y 3 

t )\ m J y x 1 (i,s)(k,2N-l-m~s+t) 

s\fN-s + t\ d x g* ai 



m 



ffY 3 

2 x (i,s)(k,2N-m-s+t) 



- (i) {" ',n + t ' (3-37) 

The summands of the r.h.s. vanish except for the terms with (s, t) = (N, 0), (N — m — 
1, 0), (N — m, 1), (N - m, 0). Then the l.h.s of identity (l3~55J) reads 

/ U „ _ (_1\N+1 ( fivj _ iyj 

L.IL.b. — { I) ^(i t N)(k,N-m~l) 1 (i,N)(k,N-m-l) 

+( — i) (/ X(, N )(iM_ m _y) — g Y?u 



^(k,N)(i,N-m-l) y J (k,N)(i,N-m-l) 



+(-l) N+ \N - m + 1) (f^^.^ - <foY* 



(k,N)(i,N-m) 



\N+i ( 9xf l v j d x g l 



i ( i\ N+1 XJ y ] xij 

'-' « 2 (k,N)(i,N-m) 2 (k,N)(i,N-m) 



1=1 

Note that our X, Y have properties 



n \ 
+ {^ lX {k,N){l,N-m) ~ BdY (k,N)(l,N-m)) ) (3.38) 



yj — n.k/^ij rki yj _ cki 

^■(k,N)(i,N-m) ~ " ^k,(i,N-m) u ' 1 (k,N)(i,N-m) ~ °" k,(i,N~rn) u 
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Then the identity (|3.35|) follows from (|3.38J) immediately. Part (b) of the lemma is 
proved. □ 

Lemma 3.5 Let X, Y be two local vector fields that have components of the form \3. 3U\) 
and satisfy the relation 

d x X = d 2 Y. (3.39) 
Then the following statements hold true: 

i) When N = 2M + 1 the components of these vector fields have the expressions 

n 

X l = Y, X*(u, u x ,..., U ^V 2M+1 + Qi(u, u x ,..., u^), (3.40) 

5=1 
n 

Y* = J2 Yjiu, u x , . . . , u^ +1 + Ri(u, u^). (3.41) 

3=1 

ii) When N = 2M there exist local functionals I a , a = 1, 2, 3 such that the components 
of the vector fields X, Y have, after the modification 

X^X-(d 1 I 1 -d 2 I 2 ), Y^Y-(dxI 2 -d 2 h) (3.42) 

(if necessary), the expressions 

X l = J2 X >> u {M - 1] )u j ' 2M + Qi(u, u x ,..., u^-V), (3.43) 

Yi = E V' 2M + H% u x , . . . , u^-V). (3.44) 

In the case when the components X 1 of the vector field X are homogeneous almost dif- 
ferential polynomials of degree d > 3, we can choose the densities of the local functionals 
I a such that they are homogeneous almost differential polynomials of degree d — 1. 

Proof For the case when N — 1 the result of the lemma follows from Lemma f3. 31 so 
we assume that N > 2. It follows from Lemma [3.31 that the components of X, Y must 
take the form (J3.31j) . The result of part (a) of Lemma 13.41 then shows that F % - are 
independent of w^ - " 1 ) for m — 1, . . . , [yl , so the identities in ()3.32j) read 

(«' - ^) G U,N-i) = °> 

thus G\ are independent of u l,N ~ l when i ^ k. When iV > 3 we use the identity ()3.35|) 
of Lemma f3.4l with m = 1 to obtain, by putting i = k, 

^i,(i,JV-l) = 0- 



So G 3 k are in fact independent of vS N 1 >. Now the identity ()3.35|) shows that 

13 

T k,(i,N-2) 
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By using repeatedly the identity (|3.35|) we know that Gj is independent of u^ N m ^ for 
m = 1, . . . , [^i] , and G( (fc M) = for N = 2M > 2 and i ^ k. 

For the case of N — 2M + 1, M > 1 the above argument shows that the components 
of the vector fields X, Y have the form ()3.40j) , (j3.41|) where Xj , Y- are given by the 
expressions 

X) = u 3 G){u, u x , . . . , « (M) ) + Fj(u, u x ,..., u (M) ), 

Yj = G){u,u x ,...,u (M) . (3.45) 

For the case of iV = 2M, M > 1 the above argument shows that X 1 , Y l have the 
form 



X* = ]T {vPG)(u, . . .M M - l \u^ M ) + Fj{u, . . . , M ( M " 1 ))) « 



V** ^jV" 1 ' • • • ) « ) « ; i - 1 j v*> ■ ■ ■ J " 

3=1 

+Q i (u,...,u^), (3.46) 



r = ^G}K..., M ( M - 1 ),^ M )^' JV + ^( M ,..., M ( JV - 1 )) (3.47) 
j'=i 

From vanishing of the coefficients of S^ 2M+1 '(x — y) in the expression of {d\X — d-^Y^ 
it follows that 

f( u ) F i + P{ u ) F j = °- (3-48) 



In particular, we have 
Define the functionals 



0, i = l,...,n. (3.49) 



/ n („.i\3-k fii 

W'i^P^ * = 1,2.3 (3.50) 

Then the components of the vector fields X = X — (dili — dil-i), Y = Y — (d\l2 — 
have the form of ()3.46|) . ()3.47|) with = 0. Since the vector fields X,Y still satisfy 
the relation d\X = d<}Y , we can assume without loss of generality that the components 
of X, Y have the form (|3.4fij) . ()3.47j) with vanishing G\. By using the equations ()3.48j) 
we check that the identity ()3.35)1 is still valid for % = k when m = M and N > 2. 
This leads to the fact that the functions Gj for % 7^ j do not depend on v?' . Thus we 
proved that the components of X, Y have the form (|3.43jh ()3.44|) after the modification 



()3.42|) if necessary. 

When the components of the vector field X are homogeneous almost differential 
polynomials of degree d > 3, the equations ()3.49|) and the expression ()3.4fi|) imply 
that the fuctions G\ are also homogeneous almost differential polynomials of degree 
d — 2M. So, when M > 2 we can choose the densities of the functionals I a defined in 
(j3.50J) to be homogeneous almost differential polynomials of degree d — 1. In the case 
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M — 1, since the functions G\ = G\{u; u l x ) are homogeneous of degree d — 2 > 1 (recall 
our assumption d > 3), the function Gi ^f 1 ^ is in fact a polynomial in w^,. Thus in 
this case we can still choose the densities of the functionals I a defined in ()3.50|) to be 
homogeneous almost differential polynomials of degree d — 1. The lemma is proved. 
□ 



Lemma 3.6 Let the vector fields X, Y have components of the form \3. 3U\) with N > 2 
and satisfy the relation \3. "Sty . If the functions X 1 , i — 1, . . . , n do not depend on u^ N \ 
then we can modify the vector field Y by 

Y^Y-d 2 J (3.51) 

for certain local functional J such that the components of this modified vector field Y 
depend at most on u, . . . , u^ N ~ lS) and the relation \3. S9i) still holds true. 



Proof We first assume that N = 2M + 1 . From the assumption of the lemma and the 
result of Lemma 13.51 we know that the components of the vector fields X, Y have the 
form (|3.4(Jj) . (J3.41j) with Xj = 0. To prove the lemma we need to find a local functional 
J with density h(u, u x , . . . , u^) which satisfies the conditions 

°' h -l) M ^—Yl /../ 1 »• (3.52) 



Q u iMQ u iM v ! 

Denote by Aij the r.h.s. of the above formulae. Then from vanishing of the coefficients 
of 5^ 2M+2 \x — y) in the expression of the components of the bivector d\X — d^Y it 
follows that the functions are symmetric with respect to the indices i, j. From the 
equation (|3.35j) with m = M we also know that 

9Y ' - (3.53) 



Q u k,M Q u i,M ■ 

So the functions du k,li are symmetric with respect to the indices i,j,k which implies 
the existence of a function h(u,u x , . . . ,m^ a/ - ) ) satisfying the requirement ()3.52|) . 

Next let us assume that N = 2M. As we did in the proof of Lemma 13.51 we can 
show that the components of X, Y have the form (|3.46|) . (|3.47|) with 

F] = -u 3 G). (3.54) 

Since the functions F l - do not depend on vS M ' we deduce that the functions X l ,Y l 
must have the expressions ()3.43|) with Xj = 0. From ()3.49|) and the independence of 
X 1 on w^' it also follows that G\ = for i = 1, . . . ,n. Now by using the vanishing 
of the coefficients of 5( 2JU+1 ) of the components of d\X — d^Y and that of the l.h.s. of 
()3.35|) with m = M we obtain 

% + % = 0, (3.55) 

Yjk,(i,M-i) — ^fc.O'.M-i) — Yji,(k,M-\) = 0. (3.56) 
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Here = -^YJ. The above two equations ensure the existence of a 1-form a 
J2i = i H% • • • , « (M_1) )d« i,Af_1 such that 



da = i ^ ^' M_1 A d« J ' ,M_1 - (3-57) 
Now the functional J defined by 

/n 

hi(u(x), . . . , u^" 1 ^)) u i ' M (x)dx (3.58) 
i=i 

meets the requirement of the lemma and we finished the proof. □ 

Lemma 3.7 Let X be a local vector field with components 

X i = X\u] u x ,..., u {N) ), i = l,...,n, N>4. 

that are homogeneous almost differential polynomials of degree d > 3. If X also has 
the following properties: 

(a) When N = 2M + 2, the components of X have the form 

X 1 = J2 X >> ■ ■ -,u {M) )u j ' 2M+2 + Q\u, . . . y 2M+1 )) (3.59) 

and satisfy the conditions 

(u k - u r ) (x ijt ( k ,M) - ^fc,o,M)) + {u k - u l )X jkXiM) + (u 3 - u l )X kjXiM) = (3.60) 
for 

Xv = j^Xfr,...,uM). (3.61) 

(b) When N = 2M + 1, X has components of the form 

n 

X* = J2 m (m) )m j ' 2M+1 + Q\u,..., u^) (3.62) 

3=1 

and satisfies the conditions 

Xj,(k,M) ~ Xl,(j,M) — (3.63) 

{u k - u j )X ijXkM) + («* - u k )X jkt{iM) + [u j - u^Xki^M) = 0. (3.64) 

Then there exist two local functionals I±, li with densities that are homogeneous almost 
differential polynomials of degree d — 1 such that the components of the vector field 
X — (dil\ — ^2/2) depend at most on u, u x , . . . , u^ N ~^ . 



27 



Proof We first prove the lemma for the case when d > 3, N > 5. Assume N = 2M + 2 
and the vector field X satisfies the conditions (|H.59j) . ()3.6()j) . We want to find two local 
functionals I\, I 2 with densities of the form 

n 

h a = Yl Ki K • • • , u {M) )u j > M+ \ a =1,2 (3.65) 
3=1 

such that they meet the requirement of the lemma. For this we need to find the 
functions h a .j, a = 1, 2,j = 1, . . . , n satisfying the following equations: 

( 1 W+i X i_ f if dh v , dh Vd \ f dh 2 .j dh 2vj \ 



Denote 

, , g 3 X) + g l X] PX\ + fX, 

p« = (-D M ,.. J . .. On = i-vr' ... 1 ... . 



" 1 " /¥ - f j g* ' "" f'n'-fn' 



Q^ = (-lr 1 7d 7TT ( 3 - 67 ) 
Then it follows from ()3.6())1 that the two-forms 

w x = - Pijdu l ' M A du j ' M , w 2 = - Qijdtf'M A du j ' M (3.68) 



2^ J 2 

i,3 hi 



are closed. So there exist one-forms 



such that G?cn a = E7 and the functions h a; j are homogeneous almost differential poly- 
nomials of degree d — M — 2. Now it's easy to see that the functions h a j satisfy ()3.66|) . 
So we proved the lemma for iV = 2M + 2 > 4. 

Next we assume that iV = 2M + 1 > 4 and the vector field X satisfy the condition 
(J3.62|) - ()3.64|) . Let the two local functionals Ji, I 2 that we are looking for have densities 
of the form 

h a (u,u x ,... } u {M) ) } a = 1,2. (3.70) 

Since the i-th component of the vector field dili—d 2 l 2 depends at most on u,. . . ,u^ 2M+1 ' 
and, moreover, it depends linearly on u k,2M+1 , we only need to find functions h\,h 2 
such that 

X ) = ' &rf,2M+l ^ = ( _1 ) M (^ K{i,M)(j,M) ~ 9 l h 2> (i,M)UM))- ( 3 - 71 ) 

To this end, let us define Pa, Qu, i = 1, . . . , n by solving the following systems 



Q u i,M u i _ u j I ji p 



dQ u _ (~1) A/+1 ( X^M) X i,(i,M) 
d U 3,M u i- u j I fi fj 
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3 

j^i. (3.72) 



The conditions ()3.63|) . ()3.64|) implies the compatibility of the above systems, i.e., 

d ( dR, \ d ( dPu 



du k > M \ du^ M / dui> M V du k 



j,k^i. (3.73) 



So we have a set of functions Pa = Pu(u, u x , . . . , u^ M '), Qu = Qu(u, u x , . . . , viS M >) sat- 
isfying the conditions ()3.72|) . The ambiguity in the definition of these functions is the 
following shifts: 

Pi h-> p^ + w a (u, u x ,..., ^ M -V i,M ), 

Qu h-> Q ti + R lt (u,u X} . . .M M ~ l) y' M ). (3.74) 

Here Wu, Ru are arbitrary functions to be specified later. We also define functions 
Pji Qij with i ^ j by the following formulae: 

(_l)M+i ( x i X j \ (-1) M+1 ( X 1 X j \ 

Pii = [ ' ■ \u>-^ - , Qu = [ ' . - ±l . (3.75) 

By using the conditions ()3.63|) . (I3.64|) we easily verify that 

dPjj dQjj 

Q u k,M ' Q u k,M 

are symmetric with respect to their indices i, j, k. So there exist functions 
h a (u, u x , . . . , u^ M '), a = 1, 2 such that 

d2fl1 - P d2h2 

Now it's easy to verify that, when i ^ j, the functions satisfy the conditions 

given in ()3.71|) . When i = j we have 

X\ - (-l) M (f h Ui)M){iiM) - g l h UhM){lM) ) = XI - (-l) M (f Pu - g { Qu)- (3.77) 

It follows from the defintion of Pa, Qu and the condtions given in (j3.63|) that the r.h.s. 
of the above formulae does not depend on u k,M for any k ^ i, so we can make it to 
be zero by adjusting the functions Pa, Qu as in ()3.74|) . By the above construction, the 
functions hi,I%2 can be chosen to be homogeneous almost differential polynomials of 
degree d — 1. So the lemma is proved for the case mentioned above. 

Now let us consider the case d > 3, iV = 4. Proceeding in the same way as for 
the case of N = 2M + 2, M > 2 we can find the 1-forms (J3.69j) such that the 2-forms 
wi,W2 that are defined as in (|3.68|) can be represented by w a = da a , a = 1,2. The 
pecularity of this particular case of M = 1 lies in the fact that the functions h a j that 
we constructed above are in general no longer rational functions of the jet coordinates 
u l ' h , k > 1, they can be chosen to have the form 

n 

ha J = ^2 W a,r,k(u] Ux) logw£ + U ad (u; u x ), a = 1, 2, j = 1, . . . , n. (3.78) 

k=l 
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Here W a ,j-k, U a j G A and are homogeneous of degree d — 1. Since 



f eA (3.79) 



d<4 du: 
we must have 

dW a ^ k dW a ^ k . . 
a-: = ^ 4 , z,j = l,...,n. 3.80 

This implies the existence of functions v4 a fc (u; u x ) G A of degree g? — 2 such that 

W a j^= dAa *}^ Um \ a = 1,2; j,k = l,...,n. (3.81) 
aui 

Since W a j ; k are almost differential polynomials, the functions ^ can also be chosen 
as homogeneous almost differential polynomials of degree d — 2 > 1 up to the addition 
of terms of the form 

n 

^2B aAl (u)logu l x . (3.82) 

i=i 

However, such functions have degree zero, so they are not allowed to appear in the 
expression of A a;k . Now the needed functionals J, J that satisfy the requirements of 
the lemma can be chosen to have densities h%, h 2 of the form 

K = ^ (u a ,k{u,u x ) - A ajk (u,u x ) — \ u k xx , a = 1,2. (3.83) 
k=i ^ Ux J 

The lemma is proved. □ 

Proof of Theorem \3. 6 A Assume that the components X % of the vector field X have the 
form 

X i = X\u, . . . , u (7V) ), N > 4, % = 1, . . . , n. (3.84) 

The relation ()3.28|) implies the existence of a local vector field Y such that <9iX = d?Y . 
By using Lemma ESI we can choose the vector field Y such that its components depend 
at most on the coordinates u, . . . , u^ N \ Then it follows from the results of Lemma f3. 51 
that the components of X, Y have the expressions (|3.4U|) . (|3.41|) when N is odd and the 
one of (|3.43|) . (j3.44|) when N is even (after a modification of (J3.42)) which does not affect 
our result). We now proceed to employ the result of Lemma 13.71 in order to find two 
local functionals /, J with densities that are almost differential polynomials of degree 
d — 1 such that X — (d\I — d 2 J) depends at most on u, . . . , u^^ 1 ^. To this end we need 
to verify that X 1 satisfy the equations ()3.60|) when N is even and that of (j3.63J) . (|3.64j) 
when N is odd. 

Let N be an even integer 2M + 2. Then by using vanishing of the l.h.s. of (J3.35j) 
with m = M we obtain 

Xjk,(i,M) — ^ik,(j,M) ~ Xji 7 (k,M) = U l U^ (Yj ki (i jM -) — Yik^j^M) — Yji,(k,M) \ ■ (3.85) 
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Here Yj are defined as in ()3.56|) and Xij are defined by (|3.61jl . We also have the 
following equations 

±{ + X) = u l u j (Yji + (3.86) 



due to vanishing of the coefficients of <5( 2M+1 ) in the components of d\X — d?Y. Denote 
by L it j t k, Ri,j,k the expression of the l.h.s. and r.h.s. of ()3.85|) multiplied by u k . Then 
we have 

Ri,j,k — Rj,k,i ~ Rk,i,j — Ri,k,j = l^V? It* (Yjk,(i,M) + Ykj,(i,M) j 



Here in the last equality we used the equations in (j3.8(i|) . By equating the last expression 
with Lij t k — Lj t k,i — Lk,ij — L it kj we arrive at the proof that the vector field X satisfies 
the conditions given in ()3.60|) . 

Now let us assume that iV = 2M + 1. Then from ()3.35|) with m = M we know that 

f\^i,(k,M) ~ -^k,{i,M)) = 9 V^(fc,M) — ^fc,(i,M))' (3.87) 

This equation together with the one that is obtained from it by exchange the indices i 
and k implies that 

^i,(k,M) = ^-fe,(i,M)' ^i,{k,M) = ^k,{i,M)' (3.88) 



So the components X\Y l satisfy the conditions of the form ()3.63j) . We are left to 
prove that they also satisfy the conditions of the form (j3.64j) . For this, let us consider 
the coefficients of 5^ 2M+2 \x — y) in the expression of the components of the bivector 
d\X — <9 2 Y • Vanishing of these coefficients leads to the equations 

Xji - X i3 = uV - Yij) . (3.89) 

By taking derivative with respect to u k,M and multiplying by u k on both sides of the 
above equation we obtain 

uk [Xji,(k,M) ~ Xij(k,M) ) = U k U l U j [YjUk,M) — Yj,(k,M)) ■ (3.90) 



ji,{k,M) ~ yv ii,(fc,M) J — LL U U yiji : (k,M) — iij,(k,M) 

Denote the r.h.s. of the last equation by Wjj.fe. Then the condition ()3.64j) follows from 

Wij, k + W jtk>i + W ktid = 0. 

Above we showed that the vector field X satisfies the requirements of Lemma l3~71 So 
we can find local functionals /, J with densities that are almost differential polynomials 
of degree d — 1 such that X — (d±I — 82 J) depends at most on u, . . . , w^ -1 ). Repeating 
this procedure by the subtraction of terms of the form d\I — d% J, we reduce the proof 
of the Theorem 13 .21 to the case when the components X 1 of the vector field X have the 
form (j3~Mjl with N = 1, 2, 3. 
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Note that in the case when N = 3 or N = 2, the components of the vector field X 
and the accompanying one Y also have the forms (j3.4()|) . (j3.41|) and ()3.43|) . (j3.44j) with 
M = 1, and the above equations (l3~HoT) . (13~%oT) and (I3~H7I) . (ETHHJ) still hold true. Thus 
when N = 3 the vector field X fulfils the requirements of Lemma 13 .7\ and we can find 
local functionals h,I 2 such that X — (d\Ii — d 2 I 2 ) depend at most on u,u x ,u xx . The 
difference of this special case from the general one lies in the fact that now it is not 
obvious that we can choose the densities h a (u,u x ),a = 1,2 to be almost differential 
polynomials. What can easily be seen from our construction is that they can be chosen 
to have the form 

n 

h a (u,u x ) = ^ V a ;i,j{u, u x ) log u x log uj + y^ j V a . i (u, u x ) log it* + U a (u,u x ). (3.91) 

i^j i=l 

Here the functions V a -ij,V a -i,U a are homogeneous almost differential polynomials of 
degree d — 1. The vector field X = X — (d\Ii — ^2/2) still has the property d\d 2 X = 0, 
so the same argument as above shows that the components of X have the form ()3.59j) 
with M — and satisfy the equations (jH.fiOJ) . By using the construction of Lemma l3~7l 
we can find local functionals I3, 14 such that the vector field X — (dil^ — ^2/4) depends 
at most on u, u x . A careful analysis of this construction shows that the densities of 
these local functionals can also be chosen to have the form of ()3.91|) . Let us denote the 
densities / = I\ + 1%, J = I2 + h also by hi, h 2 which have the expression ()3.91|) . A 
simple calculation shows that 

m i-W =gl Pk^_ fl PH± i (3 92) 

du 3 xxx du l x dui du x du{ 

M = -IAuH^. (3.93) 

du xx T y 1 x du x dul y ' 



The r.h.s. of the above two identities equal respectively to ®Y and ^4~- We deduce 
that the functions 



d 2 h 

5 = 1,2; i,j = l,...,n (3.94) 



du x du x ' 



are homogeneous almost differential polynomials of degree d — 3. This fact yields the 
restriction on the coefficients V a; ij,V a -i in the expression of the densities ()3.91|) that 
they depend on u x at most linearly. Since hi,h 2 have degree d — 1 > 2 (recall that 
we assume d > 3), it follows that the functions V a -ij, V a -i must vanish, and as a result 
the densities hi,h 2 of the local functionals I, J are homogeneous almost differential 
polynomials of degree d — 1. Now let us prove that we have in fact 

X = dJ - d 2 J. (3.95) 

This is due to the fact that the vector field X = X — (dil — d 2 J) still satisfies the 
property did 2 X = 0. So, by using Lemma I3~T)1 we can find a vector field Y that depends 
at most on u, u x such that d\X = d 2 Y. Then by using Lemma 13.31 we know that the 
components of X depend at most linearly on u x , since they are homogeneous almost 
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differential polynomials of degree d > 3 we must have X = 0. Thus we proved the 
theorem. □ 

Theorem 3.8 Let the vector field X satisfying the condition have components 

of the form 

n 

X* = J2 X >) U L + (3-96) 

3=1 h,l 

Then each function Xa = ^JQ^) depends only on u 1 and there exist local 

functionals 11,1% with densities that are homogeneous differential polynomials of degree 
1 such that 

X = d 1 {h + h)-d 2 {I 2 + h) (3.97) 

where 

= {^) 2 ' a XiM<^guidx, a =1,2. (3.98) 

i=i ^ 

Note that the densities hi, hi of the functionals l\, l 2 can be chosen as 

n j 

ft^V^KlT^ a = 1 > 2 ( 3 -") 



»=i 



which are homogeneous almost differential polynomials of degree d — 1 = 1. Here the 
functions V a>i are defined by V^u*)' = 2(u' l ) 2 ~ a X ii (u l ). 

Proof Since X 1 are differential polynomials the condition (|3.28|) implies existence of a 
vector field Y with components Y l of the same form ()3.96|) of X 1 such that d\X = diY . 
By using vanishing of the l.h.s. of (|3.35|) with k = i ^ j we deduce that 

^|i_„vf| = 0, i^, • = !,...,». (3.100) 
Since f|3.86|) also holds true in this case, we obtain 

Y u = y^Xu (3.101) 

which yields, together with (j3.1()()j) . the first result of the theorem 

dX, 



0, i^j = l,...,n. (3.102) 



From the definition (|3.40j) it is easy to see that the components of the vector field 
X = X — {dili —dili) are still homogeneous differential polynomials of the form (J3.49j) 
with X\[u) = 0, i = 1, . . . ,n. Then by using the same construction as we give in 
the proof of Lemma 13.71 for the local functionals with the densities f!3.65p we can find 
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functionals I\,I 2 with homegeneous differential polynomial densities of degree 1 such 
that the vector field X = X — {dxl\ — $2/2) depends at most on u, u x . The equation 
d\d 2 X = then implies that X depends at most linearly on u x . Since the components 
of X are homogeneous differential polynomials of degree 2, we arrive at the equalities 

X = d 1 (I 1 + h)-d 2 {I 2 + I 2 ). (3.103) 

The Theorem is proved. □ 

Proof of the Quasitriviality Theorem Due to the triviality of the Poisson cohomology 
H 2 (C(M),zui) the bihamiltonian structure (jl.28j) can always be assumed, if necessary 
by performing a usual Miura-type transformation, to have the following form: 

{u i (x),u j (y)} 1 = (3.104) 
{u\x)y{y)} 2 = {u\x),u>(y)}M + Y,t k Ql (3-105) 

k>l 

Here Q\ 3 are the components of the bivectors Q k and have the expressions 

fc+i 

oi J = E Ql^ • • • • u(fe+1 ~°) 6(l) ( x - y)- 
1=0 

We also denote by Qq the bivector corresponding to the undeformed second Poisson 
structure. The coefficients Q l k \ are homogeneous differential polynomials of degree 
k + 1 — I. The compatibility of the above two Poisson brackets implies the existence of 
vector fields X^, k > 1 such that 

Q k = d 1 X kl 9i9 2 X 1 = 0, k>0 (3.106) 

and the components of X& are homogeneous differential polynomials of degree k. By 
using Theorem 13. 2\ we know the existence of two local functionals 



Ix — J hi t i(u(x))dx, J\ — J h 2 ^(u(x))dx (3.107) 

such that X\ = d\I\ — d 2 J\. By performing the Miura-type transformation 

u* i-> exp(e9iJi)u i (3.108) 

the first Poisson structure remains the same while the second Poisson structure f)3. 1U5|) 
is transformed to 

exp(-ead aiJl )(Q + Y^e k d 1 X k ) = Q + J2e k d 1 X k (3.109) 

fe>l k>2 

where the vector fields X k have the expressions 

X k = J2(-l) l ^f^X k _ h k>2. (3.110) 
1=0 
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The components of these vector fields are homogeneous differential polynomials of 
degree k. So we can use Theorem 13.21 again to find two local functionals I 2 , J2 with 
densities h a;2 (u, u x , u xx ) that are homogeneous almost differential polynomials of degree 
1 such that X 2 = d\I 2 — d 2 J 2 - Then the Miura-type transformation 

u ^ exp(e 2 9iJ 2 )M i (3.111) 

leaves the form of the first Poisson structure unchanged while transforms the second 
one to the form 

exp(-e 2 ad 9lJ2 )(Q + = Q + JVd 1 X fe (3.112) 

k>2 fc>3 

Here the vector fields X%. have the expressions 

[*/2] / , vi 

X k = J2(-l) l ^^-X k _ 2l , k>3. (3.113) 

and their components are homogeneous almost differential polynomials of degree k 
which depend only on finitely many of the jet coordinates. Here X\ is assumed to be 
zero. By repeatedly using the above procedure, we see that the deformation part of 
(jl.28j) can be absorbed by a series of quasi-Miura transformations. So it is quasitrivial, 
and the Theorem is proved. □ 

From the proof of the Quasitriviality Theorem we see that the reducing transfor- 
mation 

u l ^u l + J2 t kF k(u } . . . , w (mfe) ) (3.114) 

k>l 



of the bihamiltonian structure (|1.28J) has the properties that F k are homogeneous al 

3 
2 



most differential polynomials of degree k and that < k when k is odd and m& < |A; 



when k is even. 

4 Reducing bihamiltonian PDEs 

In this section we study properties of the bihamiltonian systems (ll.27j) . 
Lemma 4.1 Let I, J be two local functionals 

1 = J p(u,u x , . . . ,w ( - Ar) ) dx, J = y q(u, u x , . . . , u^) dx (4.1) 
that satisfy the relation 

dj = d 2 J. (4.2) 

Then up to additions of total x- derivatives, the densities p, q do not depend on the jet 
coordinates u x , . . . , . 
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Proof Denote by X the vector field dil — <9 2 J and by X % its components. Then from 
vanishing of 

dX ' g - d2 1 \ (4 3) 



we see that the functions p, g satisfy 

( M < - M i) ° 2q = Q ^ u * = Q (4 4) 

So the functions p, g can be represented by some functions pi,ri,s as 

p = X)ft(«,...,«^,« i ' JV ), 
i=i 

n 

g = ^ [u'p^u, u^-V, ij> N ) +r i {u,..., u( N -V)u i > N + s(u, u^)] (4.5) 
i=i 

By substituting these expressions of p, q into the equations 

dX' 1 



Q u i,2N 

we deduce that 



= (4.6) 



d u i,NQ u i,N 

Thus we can rewrite the functions p, q into the form 



/'V.JC-Lv = (4-7) 



? = $>(«,..., u*"" 1 V'" + c(u, . . . , M (iY - 1} ), 
i=i 

n 

g = ]T . . . , u*"" 1 V'" + d(u, u (N -V), (4.8) 



i=l 

From the identity = for i 7^ j we have 



crp crp \ j / erg <9 2 g 



(4.9) 



Q u i,NQ u j,N-l Q u i,NQ u i,N-l J y du i,NQ u j,N-l du j,NQ u i,N-l 

These equations imply that the functions Oj, bi satisfy 

dcii da,j dbi dbj 



(4.10) 



dui' 1 *- 1 du^- 1 ' dui' 1 *- 1 du^- 1 ' 
So there exist functions A(u, . . . , u^' 1 ^), B(u, . . . , u^ N ~^) such that 

dA u dB • 1 ,,,, 
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Now we can replace the densities p, q of the Hamiltonians J, J respectively with 

p = p-d x A, q = q-d x B (4.12) 

Then the new densities become independent of the jet variables u t,N ,i = 1,...,N. 
Repeating the above procedure successively, we arrive at the result of the lemma. □ 

Proof of Corollary li.&l Let us assume that after the quasi-Miura transformation the 
Hamiltonians of the systems (jl.27|) have the expansion in e: 

H a = Y,t k H [ * ] = Ys tk I h [ a ] (u,u x ,...,u^)dx, a = 1,2. (4.13) 

fc>0 fc>0 

Here are some positive integers which may also depend on the index a, and the 
functions h$ have degrees k. Due to the bihamiltonian property 

ftffi = d 2 H 2 (4.14) 

we know in particular that 

d x Hf ] = d 2 H [ 2 1] . (4.15) 

Then the result of the above lemma implies that f/j = H 2 = 0. Similarly, we prove 
that all other Hamiltonians Ha , k > 2 are trivial. The Theorem is proved. □ 



Corollary 4.2 Any two bihamiltonian flows of the form \1.21 ) that correspond to the 
same bihamiltonian structure mutually commute. 

Proof Denote by X, Y the vector fields corresponding to the given bihamiltonian 
systems, then their commutator [X, Y] is also a bihamiltonian vector field of degree 
greater than 1. From Lemma f4. II it follows that under the quasi-Miura transformation 
reducing the bihamiltonian structure (jl.28|) to (|1.3U|) this vector field must vanishes. 
Thus we proved the corollary. □ 



5 Central invariants of bihamiltonian structures 

One of the important applications of the property of quasitriviality is the classification 
of deformations of a given bihamiltonian structure of hydrodynamic type. The problem 
of classification of quasitrivial infinitesimal deformations was solved in [S3] . It was also 
conjectured that all deformations of the form (jl.28|) have reducing transformations. 
The Quasitriviality Theorem proves this conjecture. In this section we reformulate the 
main result of i n order to describe the complete list of invariants of a bihamiltonian 
structure with a given leading order { , }f\ modulo Miura-type transformations (|1.39|) . 
Recall that these transformations must depend polynomially on the derivatives in every 
order in e. 
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Let us rewrite the bihamiltonian structure (|1.28J) in terms of the canonical coordi- 
nates u % = u l (w), i — 1, . . . , n 

{u\x)y(y)} a = {uXx)y(y)}W 

m+l 

+ E E em <<;>; ««> - . « (m+1 -°)5 (0 (^ - »), o = 1, 2, . (5.1) 

m>l «=o 

Then the functions P^,Q l J defined in (jl.48|) have the expressions 

P?(u) = A i l 2 . ta (u), <#(«)= i4«..(i*). i,j = l,...,n,a = l,2. (5.2) 

Proof of Corollary M.liA Let us first assume that the bihamiltonian structure (j5.1|) has 
the following special form 

(ro 1 ,ti7 2 + e 2 7 + C(e 3 )). (5.3) 

Here (tz7i,tz7 2 ) denote the bihamiltonian structure given by the leading terms of (j5.1j) . 
and 7 is a bivector which can be represented as 7 = d\X through a vector field with 
components that are homogenous differential polynomials of degree 2. Due to Theorem 
13.81 the vector field X can be represented up to a Miura-type transformation in the 
form 

X = dJ- d 2 J (5.4) 
where the functionals I, J are defined by 



/n „ n 

^2u l di(u l )u l x \ogu l x dx, J = l^2ci(u l )u x \ogu x dx 
i=l J i=l 



(5.5) 



with 

^) = ^yp(7)^ i = l,...,n. (5.6) 

Here (7)3 denote the coefficients of 5"'(x — y) in the components (7)" of the bivector 
7. The main result of jHS] together with the Quasitriviality Theorem shows that any 
two bihamiltonian structures of the form ()5.3)) are equivalent iff they correspond to the 
same set of functions c$, % = 1, . . . , n. In the case that the two bihamiltonian structures 
of the present theorem have the form (|5.3|h it is easy to see that q(m*) = q(m), and 
the result of the theorem follows. 

Now return to the general form (|5.1JI of the a bihamiltonian structure. We redenote 
it as 

(tux + eai + e 2 /?i, w 2 + ta 2 + e 2 f3 2 ) + C(e 3 ). (5.7) 

By using the result of Theorem 13.11 we can eliminate the linear in e terms by a Miura- 
type transformation 

u % 1 — > exp( — eX)u % , i = l,...,n (5.8) 
given by a local vector field X with components of the form 

n 
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This implies that P\ = d±X, P 2 = d 2 X and this in turn yields 

if = -f k (u)Xl(u) + f{u)X*{u), If = -g k (u)Xl(u) + g\u)Xf{u) (5.10) 
where the functions P[ J , P 2 are defined by ()5.2j) . Solving the above system we obtain 

pki „ i pki 

Xi(u)= 2 k 1 , k=£i. (5.11) 
f K {u){u K — u ) 

After the Miura-type transformation (|5.8jl . the bihamiltonian structure (|5.7|) be- 
comes 

(tu! + e 2 (& - a x \), w 2 + e 2 (/? 2 - ~[X, a 2 ])) + 0(e 3 ). (5.12) 
Then there exists a local vector field Y such that 

d 1 Y = /3 1 -±[X,a 1 ]. (5.13) 

So the Miura-type transformation 

u l i-> exp(-eF)w\ i = 1, ...,n (5.14) 
reduces the bihamiltonian structure (|5.12|) to the form of (|5.8j) 

(C7!, tzr 2 + e\(3 2 - l -[X, a 2 ] - d 2 Y)) + 0(e 3 ). (5.15) 

and we need to compute the coefficients X3 °f ^'"(^ — y) in the components of the 
bivector x = P2 — §[X, ot 2 ] — d 2 Y. By using the notations introduced in ()5.2|) we have 



[x, ai \i = *m k - Pi 1 ) = - 2 E x ^ 

k k^i 

[X, c* 2 ]f = X K P 2 k - P2) = -2 J2 XlP 

k ky^i 



ki 



ki 
2 ) 



(d 2 Y)l = u^d.Y)! = u<(ft - ~[X,a x \)t = u'Qf - -u'^a| (5.16) 

Here as above for any bivector 77 we denote by rf£ the coefficient of 5"'{x — y) in the 
components ifK These formulae together with the expressions 1)5.11)1 for X l k ,k 7^ % 
show that the functions Ci{u l ) that are defined by ()5.6j) with 7 replaced by x coincide 
with the functions Ci(u) introduced in (jl.49j) . Thus we proved the theorem. □ 

From this theorem it also easily follows the following corollary: 

Corollary 5.1 Any deformation M.2ty) of the bihamiltonian structure is equiv- 

alent, under a appropriate Miura-type transformation, to a deformation in which only 
even powers of e appear. 
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This result can also be seen from the construction of the functionals J, J in the proof 
of Theorem 13.21 and the argument given in the proof of the Quasitriviality Theorem. 

Theorem 5.2 If we choose another representative 

{, }~i = c{, h + d{, } x , {, }" 2 = o{, h + b{, }i, ad-bc^O (5.17) 

of the bihamiltonian structure \5.1)) . then the functions Cj(-u) that we define in 
are changed to 

qu^ -)- d 

5 i( ff ) = —, — 7-Ci(u l ), 1 = 1,..., 71. (5.18) 
ad — be 

where 

au % + b , 
u l = — :, i = l,...,n 5.19 

cu l + d v ' 

are the canonical coordinates of the bihamiltonian structure 45. ij) with respect to the 
new representative \5.11§ . 

Proof The result of the theorem is obtained by a straightforward calculation with the 
help of the formula ()5.19|) and the tensor rule abided by P^ , Q l J under the change of 
coordinates u l \— > v^iu). □ 

From the above theorem we see that, for the bihamiltonian structure 1)5.1)) . the 
following 1/2-forms 

= Ci{u i ){du i )^ (5.20) 
are invariant, up to a permutation, under the change of representative f)5. 17)) with 

(^) e SL(2,C). 



6 Examples and concluding remarks. 

Let us give some examples of bihamiltonian structures, their central invariants and 
reducing transformations. 

Example 1. The Bihamiltonian structure of the KdV hierarchy [231 EEl SB] has the 
form 

{w(x),w(y)} 1 = 5'(x - y), 

{w(x),w(y)} 2 = w(x)5'(x — y) + - w'(x)5(x — y) + 3 ce 2 5'" (a; — y), (6.1) 

The canonical coordinate is u = w, and the constant c is the central invariant. Up to 
terms of the order e 6 the reducing transformation JH] is given 4 

w = v + ce'dl {\ogv x ) + °^-dl (5^ - 21^p + 16%) + 0{e% (6.2) 

V ^x ^x / 

4 The (inverse to) the reducing transformation for the KdV equation was constructed in 4 . How- 
ever, the action of this transformation onto the Poisson pencil was not studied. 
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The Poisson pencils (16.1)1 with different values of c are inequivalent with respect to 
Miura-type transformations. 

Example 2. The Bihamiltonian structure related to the Camassa-Holm hierarchy IH1 
H3 ED E2] has the expression 

{w(x), w(y)}i = 8(x -y)- ~g S '( x ~ 

{w(x), w(y)} 2 = w{x)5'{x -v) + 7} w'{x)5{x - y). (6.3) 

The canonical coordinate u also coincides with w, and the central invariant c(u) = ^u. 
As it was shown in the reducing transformation is, up to e 4 , given by 

'VV XX V x 



w = v + e d x 



24 v x 48 



+ 4.q ( , wL _ v2v L _ V _xxx_ _ l&VVxx V X xx 

s \288Qv x 180 v x 90 «J 512 5760 

Wv 2 vl x v xxx _ 7v 2 v 2 xxx _ 31^wff «V*>_\ 

1920 1» 4 1920^ 1152^. 5760^ 1152 u*/ ' l ' J 

Example 3. The Bihamiltonian structure related to the multi-component KdV-CH 
(Camassa-Holm) hierarchy. Define 

nf e 2 

T>i = w l 5'(x -y) + -f5(x - y) + ai -5"\x -y), z = 0, 1, . . . , n (6.5) 

Here w° = 1 and a , . . . , a n are given constants with at least one nonzero. Define also 
the numbers 

{ — 1 i,j<m 

+1 i,j>m + l (6.6) 
otherwise 

Then we have the following n + 1 compatible Hamiltonian structures 

^(4^(l/)} m =(-l)^Vm-i» l<i,j<n, m = 0,l,...,ra. (6.7) 

When % < or i > n we assume = 0. These Hamiltonian structures were intro- 
duced 5 in the study of the hierarchies of integrable systems (called the coupled KdV 
hierarchies) associated with the compatibility conditions of the linear systems of the 
form jU E E3 

^(ed x ) 2 + A(w ] X)^ij = 0, (6.8) 
A = \b^ x - X -B^. (6.9) 



5 To our best knowledge, connections of these bihamiltonian structures with the Camassa - Holm 
equation and its multicomponent generalizations was never considered in the literature. 
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Here A(w; A) has the expression 



V n (-l) i w i X n ~ i 

■^ isUU- (610) 

and -B is certain polynomial or Laurent polynomial in A with coefficients that are 
differential polynomials of w 1 , ... , w n which can be chosen according to the equation 

A e 2 

A t = AB X + -±B + -B xxx . (6.11) 

/ o 

As it was shown by Ferapontov in |18j . if a system of hydrodynamic type with n 
depend variables possesses n + 1 compatible Hamiltonian structures of hydrodynamic 
type, then this n + 1-Hamiltonian structure must be equivalent to the one obtained 
from the leading terms of (|6.7j) . 

From ()6.7|) we readily have the following bihamiltonian structures 

B k ,i = ({,U, {,}/), k^l. (6.12) 

Denote by \i(w), . . . , \ n {w) the roots of the polynomial -P(A) = X n + w 1 X n ~ 1 + ■ ■ - + w n . 
Then the canonical coordinates for the bihamiltonian structure Bkj are given by u % = 
(\i) k ~ l , i — 1, . . . , n, and the central invariants ci, . . . , c n have the expressions 



EiU(-i)^( A.r 

24 (l-k)(\i 



«V) = n*n r^i-, . < = l,...,n. (6.13) 



In particular, for the one-component case n = 1, choosing ao = 0, ai = 1 we get the 
bihamiltonian structure £> 10 which coincides with ()6.1|) for the KdV hierarchy. The 
choice do — — 1, d\ = yields the bihamiltonian structure ()6.3|) of the Camassa-Holm 
hierarchy. In general, we call the hierarchy generated by the bihamiltonian structure 
Bk,i the multi- component KdV-CH hierarchy. 

For the case when n = 2, the above defined bihamiltonian structure #2,1 yields, with 
different choices of the constants a , ai, a 2 and up to certain Miura-type transformation 
and rescaling of the Poisson structures, the following four bihamiltonian structures that 
appeared in the literature. They have the same leading terms 

{<p(x)Mv)}? = 0, {p(x),^y)} [ ?=5'(x-y), {p(x), p(y)}f ] = 0, 

V(V)} [ 2 ] = 2 S'(x - y), {p(x), V {y)}f = ?(x) 5'(x - y), 
{p(x), p(y)} [ ° ] = 2p{x) 5'{x -y)+ p\x) 5{x - y). (6.14) 

A bihamiltonian structure related to the nonlinear Schrodinger hierarchy is given by 
the above brackets with the only difference [SJ ES] 

{p(x), V (y)} 2 = {p(x), V (y)} [ ° ] + e6"(x - y). (6.15) 
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After the Miura-type transformation 

w 1 = 2 Vl w 2 = <f 2 - 4p + 2e<p x (6.16) 

it is transformed to the bihamiltonian structure 8£>2,i with the choice of constants 
a o — a i — 0,a2 — — 8- Here 8,62,1 denotes the bihamiltonian structure obtained from 
#2,1 by the mutiplication of a overall factor 8. 

In jHS] a generalization of the Camassa-Holm hierarchy is introduced which is called 
the 2-component Camassa-Holm hierarchy. It is reduced to the usual Camassa-Holm 
hierarchy under a natural constraint on its two dependent variables. The related bi- 
hamiltonian structure is defined by the brackets (|6.14j) except 

{p(x), ^(y)}, = {p(x), <p(y)}? + e8"(x - y). (6.17) 

After the Miura-type transformation 

w 1 = 2 V + 2e<p x , w 2 = p 2 - 4p (6.18) 

it is converted, up to the approximation to e 2 , to the bihamiltonian structure 8£> 2 ,i 
with the choice of constants a = —8, a x = 0, a 2 = 0. 

In |2HI the bihamiltonian structure for the so called classical Boussinesq hierarchy 
is given. It is defined by the brackets (jfi,14|) except for 

{p(x),p(y)} 2 = { P (x),p(y)}? + l -e 2 5"\x-y). (6.19) 

After the Miura-type transformation 

w 1 = 2(p, w 2 = <^ 2 - 4p (6.20) 

it is transformed to the bihamiltonian structure 862,1 with the choice of constants 
a = 0, ai = 0, a 2 = —8. 

Note that, for the bihamiltonian structure related to the nonlinear Schrodinger 
hierarchy, by moving the perturbation term from the second Poisson bracket to the 
first one we obtain the bihamiltonian structure of the 2-component Camassa-Holm 
hierarchy. Doing precisely in the same way we obtain from the above bihamiltonian 
structure of the classical Boussinesq hierarchy the one that is defined by (|6.14|) except 
for the bracket 

{p(x),p(y)}i = { P (x),p(y)} [ ? ] - l -e 2 5"\x-y). (6.21) 
After the change of dependent variables 

w 1 = 2<p, w 2 = - 4p (6.22) 

it is transformed to the bihamiltonian structure 862,1 with the choice of constants 
a = 0, ai = 8, a>2 = 0. This bihamiltonian structure is related to the Ito type equations 

iia Eg. 
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The bihamiltonian structures related to the nonlinear Schrodinger hierarchy and 
the classical Boussinesq hierarchy are equivalent. Indeed, their central invariants are 
given by Ci = C2 = ^. The central invariants for the bihamiltonian structure related 

to the 2-component Camassa-Holm hierarchy are given by c\ = ^4-, C2 = ^m - , 
and those for the bihamiltonian structure defined by (j6.14j) and (J6.21)) have the form 
C1 = «I C 9 = — 

u l 24 ' 2 24 ' 

We omit here the presentation of the reducing transformations of the above bi- 
hamiltonian structures due to their cumbersome expressions. 

Example 4- The equations of motion of one-dimensional isentropic gas with the equa- 
tion of state p = -^p K+l read 

ut+^j + p 1 ^ = 0, p t + (pu) x = 0. (6.23) 

Here k is an arbitrary parameter, k^O, —1. For a gas with m degrees of freedom one 
has 

2 

K = — 

111 

(see, e.g., [D]). This is a weakly simmetrizable system with 

1 

1 

This gives the first Poisson structure of the equations with the Poisson brackets 

{u(x),p(y)}W = 8'(x-y), (6.24) 
other brackets vanish. The second hamiltonian structure 



{u(x), u(y)}f ] = 2p«-\x) 8'{x - y) + p*" 1 8(x - y), 
{u(x), p(y)} [ 2 ] = u(x) 5'(x -y) + - u'(x) 5(x-y), 

K 

{p(x), p(y)} 1 ? = - (2p(x) 5 f (x -y) + p'(x) 5(x - y)) . (6.25) 

K 

was found in |4T|l4^]. 

As it was shown in JH] the isentropic gas equations have the following deformation 
which preserves the bihamiltonian property (up to corrections 6 of order e 6 ): 



+e 4 (/« - 2)(k - 3) [ai p 4 u 2 x p 2 x + a 2 p K 6 p x + a 3 p 3 u xx u x p x 

+a 4 p~ 2 u 2 xx + a 5 p~ 3 u\ p xx + a 6 p K ~ 5 p 2 x p xx + a 7 p K ~ 4 p 2 xx + a 8 p~ 2 u x 

■ «9 p" ' pr p.r.rr + a l0 p~ K ~ 2 U x ] + ~ p"~^ p xxxx \ = 0(e 

360 J 



6 In principle one can continue the expansions till an arbitrary order in e. However, the computations 
become very involved. 
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dp n f 2 A 2 -«)(«- 3) 1 
at L V 12 up 6 

+e 4 (K - 2)(k - 3) [6i p~ 4 p 3 + 6 2 P~ 3 P^ u xx + b 3 p~ 3 u x p x p xx 
+b A p~ 2 u xx p xx + b 5 p~ 2 u xxx p x + b 6 p~ 2 u x p 

xxx bj p u xxxx 

+b 8 p- K - l u 2 x u xx + b 9 p- K - 2 ulp x ] } = 0(e 6 ) (6.26) 
The coefficients are given by 

18 + 75 k - 15 k 2 + 20 k 3 + 2k 4 6 + 113 k + 409 k 2 - 185 k 3 + 17 k 4 



2880 k 3 ' 5760 k 

18 + 11 k + 3k 2 7 -6 + 3k-k 2 

as ~ 720^ ' a4 " 720^' Q5 ~ 480^ 

-6-39k- 10k 2 + 5k 3 14 + 5 k + 5 k 2 1 

a 6 — 77^; j a 7 



2 



480 k ' 1440 120 k 

2 + 5k (k + 2)(k + 3)(k 2 -1) 
fl9 = ^4b-' ai0 = 5760^ • (6 - 2?) 



42 + 83k-53k 2 + 8k 3 , 6 + 35 k - 24 k 2 + 5 k 3 
b i = tttt: s > & 2 



1440 k 3 ' 720 k 3 

12 + 40k-13k 2 + 5k 3 6-4k + k 2 6 + k + k 2 

3 ~ 720^ ' 4 ~ 180 k 2 ' 5 ~ 720 k 2 

_ 6 + k + k 2 1_ (k + 2)(k + 3) 

6 ~ 720k 2 ' 7 ~ 360k' 8 ~ 720k 4 ' 

b 9 = (« + D(« + 2)(« + 3). (6 . 28) 
J 1440 k 4 V ; 

The corresponding bihamiltonian structure (at the approximation up to e 4 ) is given in 
Section 4.2.3 of ^Hj, the central invariants are c\ = c 2 = =7. The above system can be 
represented as 

— = {Hi,u(x)}i = — — {H 2 ,u(x)} 2 , 
at k + 1 

^ = {Hi, p(x)}i = ^{H2, P(x)} 2 . (6.29) 

Here the densities h%, h 2 of the Hamiltonians Hi, H 2 have the expressions 

1 p K+1 

hi = -pu 2 + — h Ahi 

2 H k + 1 

h 2 = pu + Ah 2 
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where 



e 2 

= uAh 2 -— ((re 2 - 3 re + 6) u 2 x + re(2 re 2 - 5 re + 6) p K - 2 p 2 ) 



4 (re -2) (re -3) / 1 , 2 , . , 
+e 24Q 3 I --re (re -4re + 6) p u x u xxx 



1 /o 2 no , -2 1 (3re + 5)(re + 3)(re + 2) _ K _ X 4 

+-re 2 re 2 -13 re +12) p 2 M x « raft + -^ ^ ^ '- p w 4 

3 72 re 

-1 (2 re - 3) (re + 3) (re + 2) p" 3 it 2 p 2 + « 2 (« - 1) (3« 2 ~ 8«+ 12) ^ 



12 v 2(re-3) 



(6.30) 



2 (re -2) (re -3) , 

A/i 2 = -e 2 ^ L p 1 u xPx 

12 re 

+e 4 ^ ~ 7 2Q^3~ ^ [~ 2 K - 8 K + 6 ) ^ M - A*** 

+re (7 re 2 - 61 re + 42) p~ 3 M;E p x p xx + (-5 re 3 + y re 2 - y re + 3) p" 4 ^ p 3 

+_L (« + 3) (« + 2) (« + 1) p- fe - 2 it 3 pj . (6.31) 

To write down the reducing transformation of the perturbed system of the one di- 
mensional isentropic gas and its bihamiltonian structure, we introduce the operators 

Ti u {m) = u {m+l) , Ti p (m) = p (m+1) , 

T 2 w (m) = d™ (k P k ' 2 Px ) , T 2 p (m) = w (m+1) , m > 0. (6.32) 

We will use Greek subscripts for the result of acting of the operators on the functions 
p and u, i.e. 

Pol\ol2... ■ Tot\Tot2 ■ ■ ■ Pi 'U'a.\a,2~- ■ ^01^02 ■ ■ ■ U. 

Define the functions 

*i = YA log {-P^pI - ul) - ^ ( "' 2 f " 3) bgp, (6.33) 
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To 



360 



1 



1152 

1 



n o M aiCl3 M" 2 " 4 M" 5 " 6 



360 

+ (k-2)(k-3)ZT 2 



^0103 j^0206 ^0407 j^-asag 



+ 



5760 



19 



240 
7 



5760 960 

3 , ..2 



P 2k - 6 PxxP 4 x + 



2880 
11 



' ' 2880 

1 



Kp 2K 5 plxP x 



P Px u xx 



_( K .-9^ + ^ + 53 K + 6)p'~-p;+ 240 



P Px ^xxx U x 



l>" '' P.r P.1.1. 1 " ,- 



2 11 K-3 

P Px U x Uxx Pxx T 



720 



240 

1 1 



11 

2880 



P U x Pxx 



■(llK-21)p K A p x u xx u x + 



2880k 



22k 2 -47k- 42) p K ^ p 2 x u 2 x p 



1440 



5760k 2 
11 



(12k 4 - 45K d + 15k 2 + 101k + 6) p K ~ b u 2 p x - 



2880k 
1 

5760k 3 



P U x U xx 



-2 3 / *r 2 10 i -2 

P u xx u x p x + 



1440k 



240k 

(7k 2 - 13k + 42) p' 2 p xx u 



5760k 2 

K 3 _ 31ft; 2 + _ g) p ~3 M 4 p 2 _ _L^ K 3 )f K + 2) 

5760k 4 



Here the matrix M(M a/3 ) and differential polynomial Z) read 



M = D 



.! / Kp K 2 p x U x 



D = u 2 x -K P K - 2 p 2 



Ux Px y 

Then the reducing transformation is given by the formula 

it ^ u + 7"iT 2 (e 2 T x + e 4 J- 2 ) , p ^ p + T x T x (e 2 T x + e 4 F 2 ) 



(6.34) 



(6.35) 



We leave as an exercise for the reader to check that the denominator D ^ on the 
monotone solutions. 



In conclusion let us formulate some open problems. 

Problem 1. Study convergence of the reducing transformations for the case of 
analytic in e perturbations (jl.7j) (e.g., for the case of polynomial dependence on e). 

Problem 2. Are there more wide classes of perturbations of systems of hyperbolic 
PDEs admitting reducing transformation? The natural candidate to be considered is 
the perturbations of the so-called semi-hamiltonian systems in the Tsarev's sense jH], 
i.e., hyperbolic systems written in the diagonal form and possessing a complete family 
of commuting flows. 

Problem 3. According to our results, classes of equivalence of semisimple bihamil- 
tonian structures depend at most on n(n+l) arbitrary functions of one variable. Prove 
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existence of such bihamiltonian structures for an arbitrary choice of these functional 
parameters. 



Appendix: Bihamiltonian structures of hydrodynamic 
type 

In this Appendix we will describe in more details, following \Fj\, the defining equations 
for semisimple bihamiltonian structures of hydrodynamic type as well as their Lax pair 
representation. 

We will work in the canonical coordinates u 1 , u n (see Lemma ll.5l above). 
Introduce the classical Lame coefficients 

H i( u ) fi~ 1/2 ( u )> i = l,...,n 
and the rotation coefficients 

^(u) := Hr%Hj, i^j. (A.l) 

Here, as usual 

d l = — 

du 1 ' 

no summation over repeated indices will be assumed within this section. The classical 

Lame equations 

dklij = liklkj, i, j, k distinct (A. 2) 

dijij + djjji + 7fc;7fcj = 0, % ^ j (A. 3) 

Mm 

describe diagonal metrics of curvature zero 7 . Adding the equations 

tfdijij + uWjjji + ^2 uk 1kilkj + + Iji) = 0, i^j (A.4) 

one obtains the defining relations for semisimple Poisson pencils of hydrodynamic type. 
The solutions to the system (jA.2|) - (jA.4|) are parametrized by n(n — 1) arbitrary 
functions of one variable. Indeed, one can freely choose the functions 

jij(ul, . ..,u 3 ,... ,<) 

near a given point 

u = (ul, . . • , Uq 1 ), ul ^ ui ul ^ 0. (A.5) 



7 Integrability of the system (|A.2|) - (|A. 3|) was discovered by V.Zakharov|47). 
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The equations (|A.2|) - (|A.4|I can be represented as the compatibility conditions of 
the linear system 



diipj = -fjiipi, % i- j 
u k - A 

u l - A rK ' 2(u*-A) 



("Lax pair" with the spectral parameter A for (jA.2|) - (|A.4|) ). The solutions to the linear 
system ()A.6|) are closely related with the common first integrals of the bihamiltonian 
systems of hydrodynamic type, i.e. with the Casimirs of the Poisson pencil 

{ ,/}™ - A{ ,7}™ = 0, 1 = J P{u)dx 

d i P(u)=ip i H i , i = l,...,n. (A.7) 

As we already know (see Lemma H . bl above) the bihamiltonian systems are all diagonal 
in the canonical coordinates 

ti; + r(«K = 0, i = l,...,n. (A.8) 

The characteristic velocities V l (u) are determined from the following linear system 

dkXi = IkiXk, i ^ k (A. 9) 

Xt = H t V\ z = l,...,n. (A.10) 

For the given rotation coefficients jij{u) satisfying (|A.2|) - (|A.4|) the solutions to (|A.9J) 
can be reconstructed with ambiguity of n arbitrary functions of one variable. In par- 
ticular, the Lame coefficients x% = Hi( u ) & Ye a solution to (jA.9|) . They correspond to 
the spatial translations V i (u) = 1, i — 1, . . . , n. 

Finally, to reconstruct the flat pencil of metrics starting from given solution to 
(jA.2|) - (|A.4|) near a given point (|A.5|) one has to choose a solution • • • > Xn(v>) 

such that 

Xi(u ) ^ 0, i = l,...,n. 

Then we put 

9i(u) = Xi 2 {u)5ij, g l 2 J (u) = v?Xi 2 (u)5ij. (A.ll) 

The flat coordinates of the metrics correspond to particular solutions of the system 
(jA.6|) . Namely, to find flat coordinates for the first metric one has to choose a funda- 
mental system of solutions 

a = l,...,n, det(CM)^0 
to the following linear overdetermined system 

diipj = ijufri, i ^ j 

d&i + ^lki^k = -ipi (A. 12) 

k^i 
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obtained from (|A.6|) at A = oo. Then the flat coordinates v a are defined by quadratures 

n 

dv a = Xi^dv?, a = 1, . . . , n. (A.13) 

i=l 

Flat coordinates for the second metric are constructed in a similar way by using a 
fundamental system of solutions to (|A.6|) at A = 0. 

We deduce that semisimple bihamiltonian structures of hydrodynamic type with n 
dependent variables are parametrized by n 2 arbitrary functions of one variable. For 
n < 2 the equations (|A.2Jl - (|A.4Jl are linear. So an explicit parametrization of the 
Poisson pencils is available [4*0] . The equations become nonlinear starting from n > 
3. All known so far nontrivial solutions are obtained within the theory of Frobenius 
manifolds. In this case the rotations coefficients are symmetric 

Jji — lij 

(the so-called Egoroff metrics) and the equations (|A.2|) - (|A.4|) are reduced to isomon- 
odromy deformations [12]. We will study more general case in subsequent publications. 
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